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1. Introduction

This paper investigates the action of some classical operators of harmonic analysis on
a class of function spaces related to Morrey spaces, called Bourgain-Morrey spaces.

Recall that the classical Lebesgue space L? := L4(R?), with ¢ € [1,00], is defined to
be the set of all measurable complex functions f on R? such that

1
q

o= | [ o] <oo

with the usual modification made when ¢ = oco. In what follows, |E| and xg denote
the Lebesgue measure and the characteristic function of any measurable set E C R?,
respectively. L =~ denotes the set of all measurable complex functions f on R? such that

fxx € L9 for any bounded measurable subset K of R<.
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For 1 < g, < o0, the classical Morrey space Mg := Mg(Rd) is defined as the set of

all elements f of L{  for which
[fllme == sup  [Q(z,7) ||fXQ(a: I ll, < oo,
z€RI >0

where

d

r r d
:H[xjfi,xj+§) , x = (1,22,...,2q) € R® and 0 < r < o0.
j=1

Morrey spaces were introduced in 1938 by C. Morrey [14] to study both the regularity
problem of solutions for quasi-linear elliptic partial differential equations and the calculus
of variations. Note that, for 1 < ¢ < a < oo, L% is included in ./\/lf; and the inclusion
is proper when ¢ < a < oco. Moreover, Morrey spaces describe the local regularity of
functions more precisely than Lebesgue spaces. Because of this issue, various Morrey-
type spaces well suited for easy use in harmonic analysis and specifically in the fields
of partial differential equations have been introduced. Examples of such spaces include
Bourgain-Morrey spaces.

Recall that the theory of Bourgain-Morrey spaces goes back to Bourgain [2], who
considered a special case to study the Stein-Tomas estimate. Since then, their use has
turned out fruitful in the study of Fourier restriction, multipliers problems, and partial
differential equations, and in the proof of refinements of Strichartz inequality (see [10, 12,

] and the references therein). They are defined as follows.

Definition 1.1. Let 1 < ¢,a,p < 0co. The Bourgain-Morrey space Mg, := Mg (R ) is
defined as the set of all f € L{ _ for which

o mle 1.1
18tz = | {10k 4 U5} ] (1)
is finite. Here and thereafter the sets
d
Qk,m = H [kj2m7 (k] + 1) 2m) , k= (kla k27 "'7kd) € Zda m e Z
j=1

are the usual dyadic cubes of R? and for any sequence {a;};cr included in C, where T is
a countable set and C is the set of complex numbers,

1
P
|ai|p lf P < 0
{ai}ictllpp == (mzn

Let 1 < g,a,p < oco. It is well known that the space Mg, is nontrivial if and only if
1<g<a<p<xworl<g<a<p=oco Whenl <g<a<p<oo, L is properly
included in Mg ,, which is a linear subspace of M. Actually, the following inclusion and

a.p
equality relations hold true.
L* c Mg, c Mg, CMj =M;, 1<g<a<p<p <oo. (1.2)

Many useful results, well known for Lebesgue or Morrey spaces, have been extended
to the setting of Bourgain-Morrey spaces (see [4, 10, 12] and the references therein).
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In this paper, we study in Bourgain-Morrey spaces the action of classical operators such
as maximal operators, Hardy operators, some sublinear operators and their commutators,
and the Fourier transform. We also establish in these spaces a norm equivalence of Riesz
potential and fractional maximal function. In doing so, we express the norm | - |xe0  as
mixed-norms of the Wiener amalgam space (L%, ¢P) (see Section 2 for its definition) and
the sequence space /7.

The rest of the paper is organized as follows. Section 2 deals with some preliminaries
on the norms of Wiener amalgam spaces and Bourgain-Morrey spaces. Section 3 is de-
voted to proving the boundedness of maximal operators, Hardy operators, some sublinear
operators and their commutators, and the Fourier transform in Bourgain-Morrey spaces.
In Section 4, we establish an equivalence between Mg -norms of both Riesz potential
and fractional maximal function.

2. Preliminaries on norms

We make some conventions on notations used in this paper. For 1 < s < oo, s’ denotes
the conjugate exponent of s : L = 1— 1 with the convention = = 0. We use ¢ as a
generic positive constant whose value may change with each appearance. The expression
A < B means that A < ¢B for some independent constant ¢ > 0 and A ~ B means
A < B < A R is equipped with its usual Hilbert space structure and the Euclidean
norm of z € R? is denoted by |z|. Let p be an element of (0,00) and z € R?. B(z,p)
denotes the ball centered at x with radius p and AB := B(x, Ap) for all A > 0. Let (¢, p)
be an element of [1, 00]%. We set

d
I}? = H [kjp7 (kj + 1)[)) ’ k = (kl’ k2’ "'7kd) € Zd

j=1
ol fllap = H{HfXI;j } .
) kezdllpp

The Wiener amalgam space (L%, ¢P) is defined by
(L9, 07) ={f € Lie = 1l fllgp < o0} (2.1)
We recall that N. Wiener has introduced Wiener amalgam spaces [17] since 1926.
However, their systematic study began with the work of F. Holland [11] in 1975. The
paper of Fournier and Stewart [7] is a very interesting survey on these spaces. It is well
known that ((L%,1P), 1] - |lq.p) is a Banach linear subspace of L{ . It is also true that
{oll - llgp: p€(0,00)} is a familly of mutually equivalent norms on (L9, ¢”). Note that
we can consider a continuous summation instead of a discrete one. More precisely, in

and

definition (2.1), we can replace 1||f||q.» by pmq,p defined as follows:

1

qu,p = (/}Rd ||fXB(y7p)||Zdy) » p>0 (2.2)

1
loc

Trn 4 4
ol llgp = P7 ollfllap = o7 1l fllgp- (2.3)

We shall establish other equivalences with the above norms. In order to do this, we
first prove the following preparatory result.

with the usual modification made when p = co. Actually, for f € L; . and p > 0, we have
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Lemma 2.1. Let (m,p) be an element of Z x R*. such that 2™ < p < 2™F1. Then the
number of elements of the set {€ ez - Ifm NIp # @} is at most 3% and that of the set
{kezd: I}" NI +# @} is at most 2¢.

Proof. Let k = (ky, ks, ..., kq) and £ = (£1,4s,...,43) be two elements of Z%. We have

, 0o < 3 < (6 +1)2m
I i 3 R - 1,2,... I - !
l n k# = 3dJzc Vje{ = ’d}7 { k]p§$]<(kj+]—)p

1) Fixjin {1,2,...,d}. Then there exists a unique element (8 of Z such that (8—1)2" <
kjp < 2™, Therefore, we have
(B—1)2" <kjp<x; < (f; +1)2™ = £;27 4 2™
<a;+2" <kjp+p+2™ < f2m 4+ 2mT 2™ = (B4 3)2™.
Thus, we get 5 —1 < {; +1 <+ 3 and therefore ¢; belongs to {5 —1,3,3+ 1}. Hence
{EeZd : Iz""m;;;é@} c{tez® : t;e{p—-1,88+1}}.

Consequently, for any fixed k € Z¢, the number of elements of {E ezd . IZQW NIy # @}
is at most 3<.

2) Fix jin {1,2,...,d}. Then there exists a unique element X\ of Z such that (A —1)p <
£;2™ < X p. Therefore, we have

A=Dp<t2" <zj<kjp+p<zj+p<{;+1)2"+p<Ap+2p=(A+2)p.
Thus, we get A —1 < k; +1 < A+ 2 and therefore k; belongs to {A — 1, \}. Hence
{keZd : I}mmlg¢@}c{kezd Chye {A—1,A}}.

Consequently, for any fixed ¢ € Z%, the number of elements of {k VAR Ifm NIy +# @}
is atmost 2¢. ]

As a consequence of Lemma 2.1, the following results hold true.

Proposition 2.2. Let (¢q,p) be an element of [1,00]* and f be an element of L} .. Assume
that (m, p) is an element of Z x R such that 2™ < p < 2™+ Then we have

_d__d 4 _d
3702 g fllgp < pllfllgp <3727 om|[ fllgp (24)
and therefore, there exist two real numbers A and B such that
_d__d — — 4 4 —
3 p2 o A2me||q,p S P”f”q,p S 3;7 4p B2m||f||q7p' (25)

Proof. We only consider the case when p < oo because the proof of the case p = oo is
quite similar and hence we omit the details. We have, for k € Z¢,

1Fxrella < D7 1 xaenem lla
Lezd

1
P

a
<37 | X I xaparm

Lezd

P ( by Holder inequality and Lemma 2.1).



72 Hilbert J. Math. Anal. Vol. 2-2 (2024) /N. Diarra and P. Nagacy

Therefore, we have

1
P
a
tlar=[{lrl,} | 3% [ S (S 1ot
1) keztllep kezd \tezd
1
p
a
=30 | > D0 X |If
Lezd \kezd
»
d
<3725 Z 1fxzz» 11§ | (by Lemma 2.1).
Lezd
d _d
=372 om | fllgp- (%)
Similarly to what precedes, we have
1
P

d
<2+ Z ZHfXIgmg’"qu)

q}kezd e kezd \tezs

d
=20 | YD X |If

Le72 \kezZd

ooy = [{ sz

P

<2735 [ ST lIfxelr | (by Lemma 2.1).
Lezd

l/i
=27"37 | fllgp- ()

Combining (*) and (xx), we get (2.4).
d(m+1)

The hypothesis implies that 2% < pr <277 . Then, we multiply the three mem-
bers of these inequalities by that of (2.4), respectively, and so we obtain what follows:

4a
P

d d(m+1)
op S 372027 Hullf

dm

37527 2% ou|f

d
lap < PP ol f lg.p-

Therefore, by (2.3), there exist two real numbers A and B such that
_d T e d o d e
37 r2 p A2me||q,p S P”f”q,p S 3¢ 4 BQm”f”qJ)'

The proof is complete. [
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Remark 2.3. Let 1 < ¢,a,p < oo and f € L{ . Note that, for any k € Z% and m € Z,
Qr.m = I7". Thus, if p < oo, then we have

1_1
{1Qem! = [l FxQum

m(L+ -1
’{24 G

q } (k,;m)EZAXZ|| pp

q}(k’,m)edeZ

P
1

P

55 e e[ ) - (e s el
meZ

q

T =

meZkeZd kezd
1 1
dm(%-3) ) am(3—3) ")
-(Z el L], = (2 D
meZ 1) kezdllgp meZ

_ H{gdm@é) 2| flow}

The case p = oo is obtained in a similar way.

From what precedes and the equality (1.1), we obtain the following new expression
of the norm of Bourgain-Morrey spaces, which is a mixture of the norms of the Wiener
amalgam space (L9, /¢P) and the sequence space (P:

2| pp

_ dm é—%
190tz = {27 s} || (2:6)
Moreover, (2.3) shows that the norm in (2.6) is equivalent to the following:
—= m(L_1_1) o
1l = {2 575) amll I, } (2.7)
a,p meZ op

It clearly follows from (2.6) and/or (2.7) that the Bourgain-Morrey space Mg, is
embedded in the Wiener amalgam space (L9, ¢P).

3. Boundedness of operators

In this section, we shall take advantage of relationships of norms established in Section
2 to study the boundedness of some classical operators on Bourgain-Morrey spaces.
3.1. Maximal operators and Hardy operators

Let us recall that the Hardy-Littlewood maximal operator 91 is defined by

M) =swp B [ \wldy,  we R, fe L,
r>0 B(z,r)
This operator is one of the most important operators in harmonic analysis because it

controls various other important operators. This is the case of the sharp maximal function
M defined below.

Wf@) = swplBEn [ ) oy, v fell
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where fp(, ) denotes the average over B(z,r) of f, defined by

Faten = |Bla.r)| ! / 1F()ld.

B(z,r)
A straightforward calculation shows that

Mf(x) <2Mf(z), weR:, fe L (3.1)
We also have the Hardy operator ‘H defined by
Hi@=lel [ fdy,  weR! el
lyl<|x]

Using the fact that | — y| < 2|z| in the above integral, the following pointwise estimate
holds true:

H(f)(@) S2'Mf(x),  zeR?, fe L. (3.2)
The boundedness of 9t has been studied in various Banach spaces. The one dimensional
case for Wiener amalgam spaces is contained in [1, 3]. In order to obtain the result in

the case d > 1, one may follow, with minor changes, the arguments used in the proofs of
Theorems 4.2 and 4.5 in [3].

1
loc’

1H9ﬁf||q,p S 1||f||q,p- (3-3)

As an immediate consequence of the above proposition, we obtain the boundedness
of the Hardy-Littlewood maximal operator in Bourgain-Morrey spaces. Recall that this

Proposition 3.1. Let 1 < q,p < co. Then, for any element f € Ly__, we have

result has been also proved in [10]. But our proof is more simple than the one given there.
Proposition 3.2. Let 1 < g < a <p < oco. Then, for any element f € L. ., we have
1Mt S I Fllas - (3.4)

Proof. If « = g or a = p then Mg = {0} and therefore we have nothing to prove. Hence
we suppose that 1 < ¢ < a < p < 00. The inequalities (2.3) and (3.3) imply that, for any
m e Z,

1

m(L—1 m(L—1
293 5) g | f g S 278 g g

Therefore, taking the ¢P-norm of both sides with respect to m, we obtain (3.4) thanks to
(2.6). u

Proposition 3.2 and the inequalities (3.1) and (3.2) lead to the following result.
Corollary 3.3. Let 1 < ¢ < o < p < 0o. Then the operators M and H are bounded in
MG,

3.2. Sublinear operators and their commutators

In this subsection, we consider the sublinear operators T satisfying the condition

mr@l<c

for any f € L' with compact support. We point out that the condition (3.5) was first
introduced by Soria and Weiss [16]. This condition is satisfied by many operators such as
the Hardy-Littlewood maximal operator, Calderén-Zygmund singular integral operators,

|alcf_(y:3||ddy ,  x¢supp f, (3.5)
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Bochner-Riesz operators at the critical index, and C. Fefferman’s singular multiplier.
The following result generalizes [5, Theorem 2.1], and its proof follows, with some minor
modifications, the arguments used there. The reader can also see the proof of [6, Theorem
4.5].

Theorem 3.4. Let 1 < ¢ < a <p < oo. If T is a sublinear operator which is bounded
on L and satisfies the condition (3.5), then T is also bounded on Mg ,.

Proof. e If a = g or a = p < oo then Mg, = {0} and therefore we have nothing to prove.
e The case p = oo is just [5, Theorem 2.1].

e Suppose that 1 < ¢ < a < p < oo. Fix p > 0, z € R? and set B := B(x,p). Let f be
any element of Mg . We have

f=Ffxas+ Z IX@s+1B)\(2¢B)-
k=1

By the sublinearity of T and the condition (3.5), we obtain

TS henl + X 2B [ Il

k=1
and therefore, an application of Holder’s inequality leads to

©0 1
ITfI S IT(fx2m)| + D> |25 B || fxars5llq-
k=1

Taking the L%-norm of both sides on the ball B and using the boundedness of T on L9,
we get

i _d
I(Tf)xall, S I xerly + Y (25) 1 Fxerrsll, -
k=1
Therefore, taking the LP-norm of both sides, we obtain

d

P”Tf”(hp g 2P||f||q7p + Z (2’“)7? 2k+lpr||q,p'
k=1
Let m € Z such that 2™ < p < 2™+ Therefore, by (2.5), we have

d

o0
2m||Tf||q,p fs 2m+1 ||qu,p + Z (2k) ¢ 2m+k+1 PHf”q’p'
k=1

1 —

> d(i-L m 1_1_1
30 (@) (3-%) dtmtkt1)(2-1-1) g 11l -
k=1
Therefore, taking the ¢P-norm of both sides with respect to m, (2.7) yields

1Tl S (1 Y (2’“)‘“;‘“) 1l
k=1

This provides the desired result because the series on the right hand side converges. =
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Let us recall that the space BMO consists of all functions b in L11OC for which
1

6]l Bao = S B Ly |6(2) — bpu, | dx
is finite, where bp(,  denotes the average over B(xz,r) of b.
Let T be a linear operator and b € BMO. We define the linear commutator [b, T] by
[0, T)f(2) = T(bf)(2) — b(2)Tf(x), [€ Lipe, v€R™
The next result shows the boundedness on Bourgain-Morrey spaces of the above-defined

linear commutator.

Theorem 3.5. Assume that 1 < ¢ < a < p < 0o. Let T be a linear operator and
b€ BMO. If T satisfies the condition (5.5) and [b,T] is bounded on L9, then [b,T] is
also bounded on My .

Proof. e If « = g or a = p < oo then Mg, = {0} and therefore we have nothing to prove.
e The case p = oo is just [5, Theorem 2.2].

e Suppose that 1 < ¢ < a < p < oo. Let p > 0 and 2 € RY. We set B := B(z,p).
Arguing as in the proof of [5, Theorem 2.2], we get

16, Txsll, S Ifxazl, + gj ()" UB (/

Therefore, using the John-Nirenberg theorem on BM O-functions (see [9, Corollary 7.1.8]),
we obtain

1b(y) — b(2) If(y)Idy) dz] ’

k+1pB

> _d
116, Tlxsll, S Ifx28l, + 16llao Y (28) " | fxarisl, -
k=1

We obtain the desired result thanks to the proof of Theorem 3.4.

3.3. Fourier Transform
We define the Fourier transform F on the Schwartz space S := S(R?) of test functions
by the formula
FRE&)=@n)"% | fla)e ™Sdz, feS, €eR™
Rd

Recall that F has an extension by duality to the space of tempered distributions &’ on
R?, which is a linear operator also called Fourier transform and denoted by F. It is well
known that Wiener amalgam spaces are linear subspaces of &’ and it has been proved
(see [7, Theorem 2.8]) that, if 1 < ¢,p <2 and f is in (L,IP) then

LIF g < callfllap- (3.6)
An easy consequence of (3.6) reads as follows.

Theorem 3.6. Let us assume that 1 < g < a < p < 2 such that % + % = % and f is an
element of Mg . Then, we have

17 Pl , < 1tz (37)
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Proof. For any m € Z%, thanks to (2.3) and (3.6), we have
o [|F fllp g < €omll fllap-

1
Multiplying both sides of the above inequality by 2dm(a/ P’), we obtain

1 1

2dm(y—g)2m H}—f”p’,q' <c Qdm(%_%)QmeHqJJ.

Note that the hypothesis * + 1 = 2 implies that £+ — £ = L — 1 and therefore
e P « p a _a ¢
dm( L -2 i-1
iz, ) | se|{emtDeima), |
mezllga mEL||pq!
Since 1 < ¢ <2, wehave 2 < ¢ <ooandso1l<p<q <oo. Thus, we get
1
{Qdm(a/ p/)Qm Ffll q/} <c {gdm(é—é)w fllq,p}
’ meZllga’ meZ o
and therefore (2.6) leads to
17 Flpgsy, < e I fllacg,,
The proof is complete. n

4. Equivalence of norms of Riesz potential and fractional maximal
function in Bourgain-Morrey spaces

Let 0 < v < d. The Riesz potential operator I, is defined by

Lo = [ )

a o —yl4
when this integral makes sense. This operator is known to be closely related to the
fractional maximal operator 91, defined on Lll0 . by

M,/ (z) = sup | Bl 1) i " / Fldy, =R
>0 B(z,r)

The following pointwise control is well known:
M, f(z) S L)), xR, fe L. (4.1)

Note that the boundedness on Bourgain-Morrey spaces of the Riesz potential and the
fractional maximal operator has been studied by Hatano et al. (see Theorem 4.4 and
Corollary 4.5 in [10]). Furthermore, the first author proved in [1] an extension of the
Hardy-Littlewood-Sobolev theorem to the setting of these spaces. In this section, we
establish in Bourgain-Morrey spaces a norm equivalence of I, and 91, when we deal with
non-negative measurable functions. Recall that analogous results have been obtained for
Morrey spaces in [8] and for the so-called Fofana spaces (L4, ¢P)* in [6]. Our result reads
as follows.

Theorem 4.1. Let 1 < ¢ < a < p < o0 with g < o0 and 0 < v < d. Then, for any
non-negative element of Li ., we have

Iy fllamg, = 1990 fllwmg - (4.2)
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Proof. In view of Inequality (4.1), we only need to show that

15 fllme, S 198 fllme, -

o If a=gqora=p<oo, then M{ , = {0} and therefore, we have nothing to prove.

e The case p = oo is just [8, Corollary 5.4].

e Suppose that 1 < ¢ < a < p < co. Let p > 0 and z € RY. We set B := B(z,p).
According to [3, Theorem 1.10], we have

1 F)xslla ~ 1@ F)xslle + [BI / \ o) g, (4.3)

d—
ap |z =yl
Furthermore, we have

: 0 0
B1F [ g = 10 Z/z ol

kp<|z—y|<2k+1p |l‘—
<Z )74 |Bla|2M B || fxgeen ),

Therefore, [8, Lemma 2.9} implies that

1
Bl [ Ay S eyt e el (1.4
R4\B |$ - |d o Z ¢
Since the series on the right hand 81de of (4.4) converges, it follows from (4.3) that
Iy F)xslle < 1 Fxzllq:

This immediately implies the following desired result

1Ly fllmg, S 190 fllmg -
This ends the proof. [
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