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Abstract Various inequalities of the Hilbert integral type have been established in the literature using
different methods. Among them, the classical Hilbert integral inequality was proved in an elegant way
by David C. Ullrich in 2013. It consists of using the method of switching to polar coordinates after some
thorough integral manipulations. Despite its effectiveness, this method seems to have been understudied
for more of the topic. In this paper, we rehabilitate it somewhat and show how it can be used to prove
new general inequalities of the Hilbert integral type, including some with multiple tuning parameters.
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1. Introduction

Integral inequalities are fundamental to several branches of mathematics. They have
a wide range of applications, providing essential tools for estimating integrals, study-
ing functional spaces, and analyzing the behavior of solutions to differential equations.
Among the list of well-known integral inequalities is the Hilbert integral inequality. It is
expressed as follows: Given two square-integrable functions f : [0, +00) — [0,400) and
g :10,+00) — [0, +00), we have

ddy 0 ’ x)dz " . (1.1)
[ [ [ i [

The constant 7 cannot be 1mpr0ved; it is the best. We refer to [8]. This result has
inspired several extensions and generalizations, and still attracts attention. We refer to
the studies in [2-5, 11-18, 20]. We also credit the full survey by Qiang Chen and Bicheng
Yang published in 2015 in [(] and the references therein. The existing results relevant to
the purpose of this paper are presented below.
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e A result established by Bicheng Yang in 1998 in [14, Equation (4)] can be expressed
as follows: Given 8 > 0, € € (0,1] and two square-integrable functions f : [0, 8] —
[0,400) and g : [0, 8] — [0, +0), we have

[ [ s

€< —€ ’ —€g°(x)dx
2)\/ / g (@)t f2<x>dw\/ / g (@)t g2 (z)de, (1.2)
where

1 €/2
Kge(z) =1— 5 (Z)

and B(z,y) denotes the standard beta function defined by B(z,y) = fol e
t)¥~1dt, with x > 0 and y > 0. The proof is based on a suitable decomposition of the
double integral, the Cauchy-Schwarz integral inequality and several changes of vari-
ables of the scale type. This result is interesting because the double integral is taken
over a finite domain, i.e., [0, ]2 = [0, 3] x [0, 8]. We see how considering this domain
affects the classical Hilbert integral inequality recalled in Equation (1.1), and also
the addition of the tuning parameter e provides a new level of adaptability, making
the result modulable. In fact, the inequality in Equation (1.2) can be extended to
€ > 0, provided that the integrals on the right-hand side exist. In addition, letting
B — 400, we have kg (z) — 1, and we get

oo e fa)g(y)
L[ e
25) ¢ [ xl-zm)cz# [, (1)

which is a well-known variant of the Hilbert integral inequality discussed in detail in
[19].

e Another important work from our point of view is that of David C. Ullrich in [10]. Tt
is shown how the method of switching to polar coordinates can be used quite easily
to prove the classical Hilbert integral inequality. In particular, the polar coordinates
introduce an angle variable that varies along [0,7/2], and the constant 7 of this
interval fully explains the constant m of the Hilbert integral inequality. Thus, thanks
to this approach, we can see how 7 arises naturally in such an integral setting, with
a proof that is concise and easy to understand.

Surprisingly, despite its simplicity and intuitiveness, the method of switching to polar
coordinates has, to the best of our knowledge, not been used to establish new inequalities
of the Hilbert integral type. This is a gap that this paper aims to fill. More precisely, we
use the polar transformation to prove two general inequalities of the Hilbert integral type,
which can be seen as variants of the one in Equation (1.2). The first variant considers the
integration over a triangle domain, i.e., the one that connects the two variables x and y
in the following way: = +y < 3, where § > 0. As far as we know, this is a new setting
in this context. The second variant does not innovate in the area of integration but in
the complexity of the integrated function. It introduces multiple power functions and a
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bivariate operator that may not be separable in  and y. We thus considerably generalize
the setting of the inequality in Equation (1.2).

The rest of the paper consists of the following sections: Section 2 focuses on our first
new Hilbert integral type inequality, with several examples and derived results. Section 3
is the analogue for our second new Hilbert integral type inequality. A conclusion is given
in Section 4.

2. Hilbert integral type inequality over a triangle domain

2.1. Main result

Our variant of Equation (1.2), characterized by the integration over a triangle domain,
is presented in the theorem below. As mentioned earlier, a key to the proof is the method
of switching to polar coordinates, inspired by the methodology in [10].

Theorem 2.1. Let ¢ > 0, 8 > 0, and f : [0,8] — [0,400) and g : [0,5] — [0,4+00) be
two functions. Then we have

PP f@)g(y)
/0 Vo (w+y)5dy1 dz
B B
< /Ong’e(x)wlfeﬁ(x)dx /Ong’é(x)xlffg%x)dx,

ng.e(x) = B (; g;l - ;) (2.1)

and B(z,y;a) denotes the incomplete beta function defined by

where

B(z,y;a) :/ t* 11 —t)vat,

0
with x > 0, y > 0 and a € [0, 1], provided that the integrals on the right-hand side of the

inequality ezist.

Proof. Let us set

foe = /06 [/06 x J(Cf(f -)F y)* ] = //{(m ) €[0,400)2; z+y<B} J(C( & ())dxdy

Using the change of variables (z,y) = (r2, s2), it can be expressed as follows:

2 2
Ip.=4 / / rsflr)o(s”) 2(7" )92(86 ) drds.
{(r,s)€[0,+00)2; r24+s2<3} (T +s )

We now apply the method of switching to polar coordinates to deal with the denominator
term r2+4s? (this term was introduced for this purpose only). Consider the polar change of
variables (r, s) = (pcos(6), psin(f)), which is of Jacobian p, noting that r > 0, s > 0 and
r?+s% < Bgive p € [0,+/B] and 6 € [0, 7/2], and using the basic formula cos?(8)+sin’() =
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1, we get

/2 2 2 2 a2
. pcos(s mmwwmwmmyumdw
/ / [p2 cos?(0) + p2sin®(6)] par

:4/ cos(0) sin(6 / flp? cos(0)]g[p? sin?(0)]p>~2¢dpd.

0
Using the Cauchy-Schwarz integral inequality with respect to p, we obtain

/2
Ig . < 4/ cos () sin(6) x
0

NZi VB
\/ / f2[p? 0082(9)]/)“661/)\/ / g*[p? sin®(6)] p>~2<dpdf
0 0

/2
= 4/0 cos () sin(6) x

\/B 3—2 \/B 2 3—2
| Plotcos @t don| [ glpgsin @)y ¥ dpuds. (22
0 0

Applying the changes of variables u = p? cos?(f) with respect to p1, so that pidp; =
1/[2 cos?(6)]du, and v = p3 sin?(#) with respect to py, so that padpy = 1/[2sin?(0))dv, we

get
™/ ,80032(9) u 1—e 1
4/0 cos(#) sin(6 \// [cosQ (0)} 3c0s2(0) dux
BsinZ(0) ) 1
dvdf
/0 g°(v) [51112(9)} 25sin?(6) Y

w/2
= 2/ cos® () sin“ 1 (#) x
0

B cos2(0) Bsin?(6)
/ ul=€f2(u)du / vl=¢g2(v)dvdd. (2.3)
0 0

Using the Cauchy-Schwarz integral inequality with respect to 6, we have

/2 B cos?(6) Bsin?(6)
2 / cos () sin“"1(h) / wl=€ f2(u)du / vl=<g2(v)dvdd
0 0 0

<2v/Jgen/Kge. (2.4)

where

/2 B cos?(0)
J@ez/ cos*1(6) sin“~1(0) / u'C f2 (u)du | df
0 0

and

/2 Bsin?(0)
KB’E:/ cos“ () sin“"1(6) / v 72 (v)dv | db.
0 0
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Let us now determine Jg . and Kg . one after the other. For both, we plan to use a change
in the order of integration, as described in [9, p. 307].

Starting with Jg ., all the main functions involved are positive, so by changing the
order of integration, taking into account that cos?(f) is decreasing for 6 € [0, 7/2], we get

B arccos [\ / u/ﬂ]
Jg’EZ/ / cos () sin“ " (B)u' ¢ f2(u)dh | du
0

0

arccos [y/u/
:/B u1_€f2(u)/ [ B} cos“(#) sin“"1(0)dh | du.
0

0

Considering the change of variables t = sin?(), so that dt = 2sin(6) cos(6)d#,
sin? {arccos {\/u/ﬁ}} =1—u/p and cos?(f) = 1 — sin?(), we obtain

arccos [w/u/ﬂ] L
/ cos“ () sin“"1(0)db

0

L / ot el V7R [1 —sin?(0)]2[sin?(0)]“/? [2sin(0) cos(0)]dO
0

1 pl-u/B 1 € € U
_ 1—¢ e/2—1te/2—1dt —_Bl=.=:1=21).
5[ a-n LICHITE

We thus find that

1 A € € U\ 1_¢ .9

On the other hand, for Kg ., by changing the order of integration, taking into account
that sin?(6) is increasing for 8 € [0, 7/2], we get

B /2
Kg. = / l/ cose1(0)sin6_1(0)v16g2(v)d01 dv
0 arcsin [w/v/,@]

_/ﬂ l 1—e 2( )/7‘—/2 671(0) . e—l(a)d9‘| d
B 0 g arcsin[m} .

Using the change of variables ¢ = sin?(), so that dt = 2sin(6) cos(6)d®),
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sin? {arcsin [\/v/ﬂ}} = v/ and cos?(f) = 1 — sin?(#), and the change of variables
w=1—1t, we have

w/2
/ cos“ () sin“"1()db
arcsin [\ / v/ﬁ]

1 1
—3 1 —sin®(0)]/* [sin® (9)]/*~ ! [2 sin(6) cos(6)]d0
2 sinz{arcsin [m}}[ ] [ )] [ ( )]

1 1 1 1-v/p
— 7/ (1 o t)e/Q—lte/Q—ldt _ 7/ we/Q—l(l o w)e/Q—ldw
2 v/B 2 0

1 € € v
= - — = 1—=.
2B<2’2’ ﬂ)
We thus obtain

1 [P € € v
Ksg.==| B|=,=:1—=])v"¢*>W)dv. 2.
=g [ B350 5) 0P (2.6

Combining Equations (2.2), (2.3), (2.4), (2.5) and (2.6), simplifying the constants 2, and
standardizing the names of the variables, i.e., “x = «” and “xz = v”, we establish that

B B
Ige < \//0 n57€(z)m1€f2(:c)dz\//0 ng,e(x)z!=<g?(z)dx,

€ € x
=B|l=,=;1—=].
775,6(3:) <27 9’ ﬂ)
This concludes the proof of Theorem 2.1. m

where

Some special cases of Theorem 2.1 are now discussed. Taking e = 1, we get

/oﬂ [/oﬂ_x Wdyl dz < \//05 Uﬁ,l(x)fz(ﬁf)dx\//oﬂ ng.1(x)g?(z)dz,
ng1(x) =B (;7 %; 1-— ;) = 2arcsin [m = 2 arccos {\/ﬂ .

This gives the following new, simpler integral inequality:

[ [ [ f<><>d] "
< 2\/ /O  arecos [\/g] f2(x)dx\/ /0  arecos [\/g] P (2)dz.

It is of mathematical interest to see how the arccosine function appears in such an integral
inequality setting, which is quite rare in the field of Hilbert integral inequality types. Since

where
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arccos(0) = /2, by applying § — +o0, we also find that

/m UM F)al . <2\//+°°fz d#/m
_Mfw MWW

which corresponds to the classical Hilbert integral inequality as recalled in Equation (1.1).
Selecting € = 2, we get

[ [ ) w
s\// s 2(2)2 1 f2(a dx\// 0o 2(@)2~1 g (x)da,

where
T x
ng,2(x :B(l,l;l—) =1--.
5.2() 5 5
With reference to the upper bound established in [14, Equation (4)], also recalled in

Equation (1.2), note that, for any « € [0, 8], we have

ng.2(x) < Kpa(z).

This implies that the upper bound obtained is lower than that in Equation (1.2), as
expected given the sharpness of the techniques used and the fact that

Aﬁ:/oﬁ_xmdy_dx<// :c+y ddac

Taking € = 3, we obtain

ST fa)g(y)
/0 /0 (x+y)3dy e

< \/ / i 776,3(33)33_2f2($)d$\/ / s a@)a22 (@),
=8 (330 5) =5 (=255 (- 5) - ]}

As a last example, selecting € = 4, we get

ST ) |
/0 Vo (x+y)4dy]d
B B
< /On5,4(x)x—3f2(:v)dx /Ong74(x)x_3g2(x)dm,

where

™| 8
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x 1 x T 2
waw =5 (221-5) =5 (1+23) (1-3)

All the above inequalities are, to the best of our knowledge, new inequalities of the
Hilbert integral type in the literature.

where

2.2. Secondary results

Some secondary results related to Theorem 2.1 are now presented. The proposition
below presents an integral type inequality involving only one adaptable function and still
an integration over a triangle domain.

Proposition 2.2. Lete € (0,1), 8> 0, and f : [0, 8] = [0,4+00) be a function. Then we

have
L fy) : ’ 1—e 2
| V G| s A [ o

where ng (z) is given by Equation (2.1) and

Ag.= sup [ngﬁe(x)xl_e],
z€[0,8]

which exists because ng (x)x' = is a continuous function with respect to x, provided that

the integrals on the right-hand side of the inequality ezist.

Proof. Let us consider the following function based on f(y):

(P f)
h(m)—/o Ly

Applying the Fubini-Tonelli integral theorem, the general statement of which is recalled
in the appendix, we get

= e T e
/Oﬁ me Wdy] da.

Theorem 2.1 applied with the appropriate functions, i.e., “f(z) = h(z)” and “g(y) =
f(y)”, and the fact that, for any € € (0,1) and z € [0, 8], we have ng (z)z'=¢ < Ag,
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give
S @) f ()
/V <x+y>edyl o
B B
\// n57€(x)x15h2(x)d:c\// ng,e(x)zl=¢ f2(x)dx
0 0
o w1 g
| woctwra V (Hy)edz/] dx\/ | metare o

AN \/ g e
Ag e /0 [/0 (x+y)€dy] dx /Onﬂ,e(x)x f?(z)dx.

Therefore, we have
2
B B—x
/ / f(y) dy| dz
o |Jo (z+y)e

il e ] \/5 e
<va [ (:c+y)€dy] | [ mpcwya=e e

If we arrange the common terms on both sides and consider the square exponent, we
obtain

IN

IN

/oﬁ Voﬁ‘”” [ dyrdx < Ap.e /Oﬁ ng.e(x)z' = f2(x)da.

(x+y)e

The desired result is obtained, completing the proof of Proposition 2.2. [

This result is the basis for the further analysis of the specific subjacent integral operator
defined over a triangle domain. It must be considered as a first step in this direction.

In the proposition below, we propose an alternative integral inequality to the one
in Theorem 2.1, but with some different assumptions on € and the underlying integral
conditions.

Proposition 2.3. Lete € R, >0, and [ : [0, 8] — [0,400) and g : [0, 8] — [0, +0o0) be
two functions. Then we have

L f@)gly)
/0 Vo (w+y)5dy1 w
B B
< \//0 wg,e(:v)ml—sf?(x)dx\//o Yp.e(x)rt—cg?(x)dz,
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1; l(i) ) —1] if e e R/{1}
Vp,e(x) = , (2.7)

log <§) ife=1

provided that the integrals on the right-hand side of the inequality exist.

where

Proof. Let us set Ag = {(z,y) € [0,+00)% z+y < B}. It follows from the Cauchy-
Schwarz integral inequality applied with respect to « and y, and the Fubini-Tonelli integral
theorem that

/0 Voﬁ x{il;))dyl dx—//Aﬁ fx+§))dydx
://Aﬁ $+y;€/2 @ -gy(z;e/zdydx

\///Aﬂ l‘+y Az \///A,g
U ) e /f =

For any € # 1 and z € (0, 8), we have

/ e { (e y)“} o (B =2t
o (zty)e 1—e /=0 1—e
= wﬁ e(x)xl_ea

where g () is given in Equation (2.7). For the case € = 1, by just editing the integrated
function, we have

B—x
/0 - i ydy = [log(z + y)]Zigir = log (i) = Ppe(x)a!™

Proceeding in a similar manner, for any ¢ € R and y € (0, 8), we have

B—y 1 p .
/0 W T = ¢B,e(y)y

The combination of the above inequalities and expressions gives

PP f@)g(y)
| V <x+y>edy] o
B B
S\//O ¢5,6(I)$1‘5f2($)d$\//0 Vs.e(y)y' g% (y)dy.

Standardizing the notations x and y yields the desired result. This concludes the proof.
n

dydx
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In full generality, for given functions f and g, the inequalities in Theorem 2.1 and
Proposition 2.3 are difficult to compare because they deal with different assumptions
on e and different underlying integral conditions on the functions involved. However,
the Hilbert integral inequality is not recovered in Proposition 2.3; this result cannot be
considered as a proper generalisation.

3. A “very general” Hilbert integral type inequality
3.1. Main result

Our variant of Equation (1.2), characterized by a high level of generality, is presented
in the theorem below. As mentioned earlier, a key to the proof is the method of switching
to polar coordinates.

Theorem 3.1. Lete > 0, 7 >0, 0 >0, f:[0,400) = [0,+00) and g : [0,+00) —
[0, +00) be two functions, and T : [0,+00)? — [0, +00) be a bivariate function satisfying
the homogeneous property of degree 0, formulated as follows: For any A > 0, we have

T(Az, Ay) =T(x,y).

Then we have

+oo +o0 M r o

+oo —+o00
< Ce,‘r,a,[T] \// xT+O’—E+1f2 ($>dx\// mT+U—€+1gQ (a?)dx,
0 0

1
0677_707[71] _ /0 (1 _ t)(T*O’Jre)/271t(07T+6)/271T(1 —t, t)dt,

where

provided that the integrals on the right-hand side of the inequality exist.
Proof. For this proof, we set

+oo +oo
e 7,0,[T / / £L' + y (ﬂ? y) d.’L‘dy

By using the change of variables (z,y) = (2, s?), we obtain

+oo +oo 2 2
L., T = 4/ / f(r9)g(s )T(r2,32)r27+182"+1drds.
Y 0 0 (r2 + s2)e

We now apply the method of switching to polar coordinates to deal with the denominator
term r2 + s2 (this term was introduced for this purpose only). Consider the polar change
of variables (r,s) = (pcos(f), psin(f)), Which is of Jacobian p, and the homogeneous
property of degree 0 of T'(z,y) with A = p?, we get

T 0P cos*(0)]glsint ()] o p o a2 s
Le o = 4/ / (02 cos2(8) + 7 sin2(0)]ET [p” cos®(6), p” sin®(0)] x
[pcos(8)]2™+ [psin(6)]2°+ pdpdd

w/2
_4 / cos>™H1(8) sin® 1 (O)T [cos?(6), sin?(8)] M. 0(6)dd,  (3.1)
0
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where
“+oo
M r0(0) = / flp? cos?(0)])g[p? sin®(0)] p>THT I +3d)p,
0

Let us now bound this last integral term. Using the Cauchy-Schwarz integral inequality
with respect to p, we obtain

MS,T,O’(Q)

“+oo +oo
< \// f2p? 6082(9)]/12(””6)*361/)\// 92[p? sin®(9)]p2(r+o=9+3dp
0 0

+oo —+oo
:\//o fQ[/ﬁ6082(9)]pf(T+”_6)+3dP1\//o (o3 sin(0)]p3 "7 dpy.

Applying the changes of variables u = p? cos?(f) with respect to p1, so that pidp; =
1/[2 cos?(8)]du, and v = p3 sin?(6) with respect to po, so that padpy = 1/[2sin’(6)]dv, we
get

+o0 +00
\/ | e 0052(9)]pf(T+”_€)+3dp1\/ | st

- \//om SO~ o ol

B 1

X

B 2 cosTtomet2(9) sin"+"7€+2(9)
+o0 Foo
/ uT+a—e+1f2(u)du / /U7'+0'—6+192(/U)dv_
0 0

Hence, we have

1
M r.o 0) < X
() 2 cosTTo—e+2(0) sin” T T2 (f)

+0o0 +oo
\// UT*U—EHfg(u)dU\/ [ wrreg. (3:2)
0 0
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Therefore, combining Equations (3.1) and (3.2), isolating the integral with respect to
and adopting the notations as “u = z” and “v = x” for the sake of uniformization, we get

w/2
Leroim < 4/0 cos® 1 (0) sin®> T ()T [cos®(0),sin*(0)] x

1
2 cosTTo—<+2(0) sin” T T2 (p)

+oo +oo
/ u7'+0'7€+1 f2 (u)du / /UT+0'76+192 (U)dvd@
0 0
—+o0 —+o0
= Ne,T,J,[T] / $T+U_E+1f2(x)dw / xT+U_€+192(‘T)d$7
0 0

w/2
Nerom) = 2/ cos™ 7T (@) sin? TTHe ()T [cos2(9),sin2(9)} de.
0

X

where

Applying the change of variables ¢ = sin?(), so that dt = 2sin(f) cos(#)d and cos?(6) =
1 — sin?(#), we obtain

NE,T,U,[T]

= / W/2[1 — sin®(0)] T2 [sin? ()]0 TFV/2IT 1 — sin®(6), sin® ()] x
[2sin(8) cos()]dO

1
— /0 (1 _ t)(7'—0—0—6)/2—1t(o'—‘r+e)/2—1T(1 —t, t)dt _ Ce,T,U,[T]-
This concludes the proof of Theorem 3.1. m

The generality of Theorem 3.1 is thus characterized by the presence of the tuning
parameters €, 7, o, and the operator T(x,y), which can perturb the separability in x
and y of the main integrated function. Note that the homogeneous property of degree 0
assumed for this operator includes the following functional form:

T(z,y) =k <z> :

where k : [0, +00) — [0,400). See, for example, [1].
Some precise examples of Theorem 3.1 are described below.

Example 1. Taking T'(z,y) = 1, we have

oot fla)gly) L o,
/o / oty VW
+oo

“+oo
< Ce,r,a,[T] \// $T+U—E+1f2(l‘>d$\// $T+‘7_€+192($)d.’£,
0 0
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where
1
Cerronlrl :/ (1—t)(rmota/2mlylomrra/2-1 gy
0

1

B[l(TJJre) 3

(UT+E):|.

Note that the following assumptions on the parameters are required: ¢ — 7 4+ ¢ > 0 and
T — 0+ € > 0. In particular, taking 7 = 0 and o = 0, which implies that ¢ > 0, we obtain

400 ptoo Hoo e

where
! € €
Ce0,0,1] = / (1—t)/> /> Lt = B (7, 7) .
0.0, 0 2'2
We thus refind a result established in [19], recalled in Equation (1.3).

Example 2. As another simple example, let us choose

VT

T(x,y) = zty

Then it is clear that T'(z,y) is homogeneous of degree 0, and Theorem 3.1 implies that

R @)
A A e

+o0 +oo
S CE,T,U,[T] \// xr+ae+1f2(1.)dx\// x‘r+076+192(x)dx’
0 0

1
Cero 1] = /0 (1- t)(T—U+E)/2—1t(0—‘r+e)/2—1 \/mdt

1
= / (1-— t)(770+6+1)/271t(”*7+5+1)/2*1dt
0

where

—B[ (r—o+e+1), 5

1
0—T+6+1):|.

This result is consistent with the application of Theorem 3.1 in Example 1, under the
following remark:

Yoot f)g) VT . [T [P F@)e) .
/o / @ty ‘g Y d“’“ly/ / x+y "y dedy,

witheo =€+ 1,76 =7+ 1/2 and 0, =0 + 1/2.

Example 3. A more sophisticated example is now developed. For any a > 0, b > 0,
c> 0 and d > 0, let us consider

$Cyd

T(z,y) = W.
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Then it is clear that T'(x,y) is positive and homogeneous of degree 0. In the setting of
Theorem 3.1, let us set 7 = 0 = 0 and € = 0. Based on this theorem, we find that

+oo +oo c,,d
z°y

—dxd

/ / a:c+by)c+d ray

+oo +oo
< Co,0,0,1) \// xfz(x)d:c\// zg?(z)dx
0 0

1 1— )t Pt
_ 111 ( dt :/ dt.
CO,O,O,[T] /0 ( ) [a(1—t) + bt]ctd o [a(l —t)+ bt]etd

In order to deal with a precise referenced integral formula, we do the change of variables
t = sin?(#). We thus obtain

C, = 2/77/2 cos®™ 1 (6) sin®* "1 (9)
0,0,0,[T] = o lacos2(8) + bsin(9)]c+d

Since 7 — o + €+ (0 — T + €) = 2¢, it follows from the applications of [7, 3.642.1], also
recalled in the appendix, that

1
CO,O,O,[T] = WB (07 d) .

Example 4. Another complex example is now developed. For any ¢ > 0,5 > 0, ¢ > 0
and d > 0, let us consider

where

a\/x + by
e +dyy
Then it is clear that T'(z,y) is positive and homogeneous of degree 0. Considering the
special case 7 = ¢ and € = 1, Theorem 3.1 implies that

@) | N
/0/ Tty oEtdyy dedy

+o0 +oo
S Cl,a,(n[T] / IQUfQ(z)dx /
0 0

o A aVI—t+bvt
Lo 0 AT 1) eVI—t+dvE

In order to deal with some referenced integral formulas, we propose the change of variables
t = sin?(#). We thus obtain

™2 q.cos(0) + bsin(0)
=2 do
Crooim /0 ccos(0) + dsin()

Let us now consider the lemma below.

T(x,y) =

229 g2 (z)dx

where

Lemma 3.2. Leta € R, be R, ¢ >0 and d > 0. Then we have

w/2 .
/ acos(z) + bs%n(x) dr — 1 [(bc B
o ccos(x)+ dsin(z) 2+ d?

ad) log (g) + (bd + ac)g
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The detailed proof of this lemma is given in the appendix. It follows immediately from
this result that

2 c T

Note that C} 5, 1) does not depend on o.

CLU,U,[T] =

So many more configurations for T'(x,y) can be considered, but without necessarily
having a closed form expression for C ; ; 7).

3.2. Secondary result

In a sense, Theorem 3.1 is capable of self-expansion, with the addition of two more
tuning parameters. This claim is developed in the result below.

Proposition 3.3. Lete >0, 7 >0,0 >0, u >0, v >0, f:[0,400) — [0,400)
and g : [0,4+00) — [0, +00) be two functions, and T : [0,+00)? — [0, +00) be a bivariate
function satisfying the following property depending on p and v: For any A > 0, we have

Ttz Avy) = T(a,y).

Then we have

“+oo “+oo
/ / x“+y T(x,y)fv Yy dady

“+o0o
< De,f,cr,u,u,[T]\//O e+ )p/v— ne 2 (g dx\// g(THv/uto—vegq 2(x)dz,

where

(T+1)/u (e+1)/vtel/2=14l(o+1)/v=(7+1)/pte]/2-1 o

Deropwr) =

N
T[(1 - t)l/“,tl/”]dt,

provided that the integrals on the right-hand side of the inequality exist.

Proof. For the first step, by the change of variables p = z* and ¢ = y”, we have

+oo oo f(x)g(y) .
/ / WT(x,y)z y7 dady
+o0 +oo 1/“ 1/
/ / q )T(pl/u’ ql/v>p(-r+1)/u—1q(a+1)/u_1dpdq
l“/ )
+oo +oo f
—————T.(p,q pn qa* dpdg, 23

where
Fe) = f('"),  g.(@) = g(d""), Tulp.q) =TP7",¢""),

and

1 1
T*:;(T—l-l)—L a*:;(o+l)—1.



General inequalities of the Hilbert integral type using the method of switching to polar coordinates 23

Thanks to the assumption made on T'(z,y), for any A > 0, we have
T.0w, ) = T [(p)/%, (0) /| =T [\Vsp /i \1 /gt
=T {pl//t’ ql/l/] =T.(p,q).

This implies that Ty (p, ¢) is homogeneous of degree 0. Therefore, we can apply Theorem
3.1 under this exact configuration, which gives

+o00 +OOM o

+oo too
< Ce,nm,m]\// pT**"*‘e“ff(p)dp\// qrto—etlg2(q)dg, (3.4)
0 0

1
0577—*,0*7[T*] :/0 (1— t)('r*fcr*Jre)/?flt(mf‘r*+e)/271T*(1 — 4 b)dt

with

1
:/ (1 = )T/ B (o +) /el /21404 1) v (r41) kel /21 _ g)l/m 1/
0

= v ’LLVDE7T7G-7/J’7V7[T] :

Considering the changes of variables p = 2# and ¢ = z¥ independently, we have

+o0 +oo
\/ / pT**“*—f“ff(p)dp\/ | arrigeads
0 0

+oo
_ \/ / D/ (1) fr—e—1f2(p1 /i) dpx
0

“+o00
\// q(‘r+1)/ﬂ+(0'+1)/l/767192(ql/u)dq
0

+00 Foo
— /NV / $T+(U+1)H/V_“€f2($)d$(} / x(T+l)V/H+O'—V692(x)d$_ (35)
0 0

If we combine Equations (3.3), (3.4) and (3.5), we obtain

+o0 +oo f
/ / T(sc, y)aTy’ dxdy

xl‘er

1 Hoo
< ﬁ\/uu,/ul/DQT,g%V,[T] \//0 xT+(0+1)#/V*#Ef2(z)d9:><

+oo
\// x(7+1)u/,u+0711692(1.)dx
0

+00 +oo
= Doty || amriertmtese ey | [ atrsiinre-eg(a)ia.

This ends the proof of Proposition 3.3. [
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Clearly, by selecting u = 1 and v = 1, Proposition 3.3 becomes Theorem 3.1. Taking
T(z,y) =1, we get

e e flagly) Lo,
/0 /o 7@“ +y”)€x vy dxdy

+00 +oo
< Deroyuunia] \/ / arlren ”‘Mff?(xﬂl# / alr vl —veg (@) da,

where
1

N

1 111 1 11 1
= B<=-|— 1) — = 1 == 1) — = 1 .
afiBrenteensd - tinsd)
So many more results of this kind can be determined with more complex choices for
T(z,y). This, in addition to the use of multiple tuning parameters, shows the generality
of Proposition 3.3 and Theorem 2.1.

1
De.r it = / (1 — )0 /(o) /el /21yl +0) fr—(r1) el /21 gy
0

4. Conclusion

In conclusion, this paper reintroduces and extends the approach of David C. Ullrich in
2013 by deriving two new generalized Hilbert integral inequalities. They are innovative
in the following sense: the first one considers an original domain of integration, a triangle
depending on a tuning parameter, and the second one includes several tuning parameters
and a general homogeneous kernel of degree 0. The results presented thus highlight the
versatility, relative simplicity and elegance of this approach. They also bring new insights
to the field, with specific examples illustrating its potential for further exploration.

In particular, one possible perspective is to show that the “parametric functions” ob-
tained in the upper bounds are optimal in the mathematical sense. One might also
consider investigating the upper bound for the following variant of the double integral in
Theorem 2.1:

ST P f@)gly)
/V <x+y>edyl o

where § > 0 is a new additional parameter, as well as some kinds of multidimensional
versions. We will leave these possibilities for future work.
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Appendix

e Fubini-Tonelli integral theorem. Let (X, A, ¢) and (Y, B,v) be o-finite measure
spaces and f : X x Y — [0,4+00) be a measurable function. Then the following
equalities hold:

/Xxyf (@:9)dlg x¥){@y) = /X [ /Y f(z,y)cw(y)} dg(x)

:/Y[/Xf(a:,y)ddv(x)] dip(y).

Note that the exchange of the order of integration holds true even if the integrals are
divergent.

e Exact statement of [7, 3.642.1]. Let 1 > 0 and v > 0. Then we have

/”/2 sin?~1(z) cos® 1 (z)
o |

a2sin?(x) 4 b2 cos?(x)|#t+v T 2a2b%

B(u,v).

e Proof of Lemma 3.2. Applying the change of variables t = tan(z), so dt =
[1+ tan?(z)]dr = (1 + t?)dx, we get

/”/2 acos(z) + bsin(x) /’T/2 a + btan(z) /+°° a+ bt

- dx = — — dxr = -
o ccos(x)+ dsin(z) o c+dtan(x) o (c+dt)y(1+1¢?)
A fractional decomposition in simple elements gives

atbt U Vi+W
(c+dt)(1+t2)_c+dt+ 1+
where
_ d(ad — bc) _bc—ad _ac+bd
c2+d? 24 a2’ 24 a2

Using appropriate primitives and noticing that U = —dV', we obtain

+o0 t—+oo
a+ bt U 1% )
— 5 dt = | =1 dt) + —log(1+¢ W arctan(t
/0 (c+dt)(1+ t2) [d og(c+df) + 5 log(1 +17) + W arctan({) —o

t—+oo
V1+t?
= {V log p ++dt + W arctan(t) }to

™ Cc ™
= —Vlog(d) + W — [~V log(¢)] = Vlog (5 ) + W3

_ ﬁldz [(be — adytog (5) + (bd+a0) 7]

This concludes the proof of Lemma 3.2.
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