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Abstract This pap er aims to explore the embedding relation bet ween Bourgain-Morrey spaces and weak
Bourgain-Morrey spaces. Bourgain-Morrey spaces are imp ortan t function spaces in harmonic analysis.
In this article, we intro duce weak Bourgain-Morrey spaces as a certain generalization of weak Morrey
spaces. We investigate the necessary and sufficien t conditions for functions in weak Bourg ain-Morrey
spaces to also be elemen ts in Bourgain-Morrey spaces, and vice versa. Our results are the inclusion of
weak Bourgain-Morrey spaces and the inclusion of weak Bourgain-Morrey spaces into a certain Bourgain-
Morrey space. These results generalize the inclusion result in Morrey spaces, weak Morrey spaces, and
Bourgain-Morrey spaces.
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1. Introduction

Morrey spaces were first introduced by C. B. Morrey in [5]. Let 1 ≤ q ≤ p < ∞. Define
Morrey space Mp

q = Mp
q(Rn) as a set of all f ∈ Lq

loc(Rn) where

∥f∥Mp
q
= sup

B(a,r)

|B(a, r)|
1
p−

1
q

 ∫
B(a,r)

|f(x)|q dx


1
q

< ∞.

Morrey spaces are a generalization of Lebesgue spaces; henceMp
p is the Lebesgue space L

p.
Inclusion in Morrey spaces has been discussed in [1–3, 8]. Inclusion of the generalization
of Morrey spaces has also been widely discussed. In [8], inclusion in mixed Morrey spaces
has been introduced and discussed, and in [2], inclusion in weak Morrey spaces has been
introduced and discussed. In [4], the Bourgain-Morrey spaces are introduced, which are
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a generalization of the Morrey spaces. Adapting Definition 2.1, we define weak Bourgain-
Morrey spaces in Definition 3.1 as a generalization of the Bourgain-Morrey spaces. Our
main result in this paper is the inclusion of weak Bourgain-Morrey spaces.

2. Preliminaries

Adapting the extension of the Lebesgue spaces Lp into a weak Lebesgue space wLp,
weak Morrey spaces can also be defined. Weak Morrey spaces were introduced by Gu-
nawan et al. in [2] with the following definition.

Definition 2.1. [2] For 1 ≤ q ≤ p < ∞, weak Morrey space wMp
q = wMp

q(Rn) is the set
of all measurable function f for which ∥f∥wMp

q
< ∞ where

||f ||wMp
q
= sup

γ>0

∥∥γχ{|f |>γ}
∥∥
Mp

q
.

Based on definition of Morrey space in [7], ||f ||wMp
q
can be expressed as

||f ||wMp
q
= sup

a∈Rn,r>0,γ>0

|B(a, r)|
1
p−

1
q

(∫
B(a,r)

∣∣γχ{|f |>γ}(x)
∣∣q dx) 1

q

.

In this definition, B(a, r) is an open ball centered at a ∈ Rn with radius r > 0 and
|B(a, r)| denotes its Lebesgue measure. By using the inequality

∣∣γχ{|f |>γ}
∣∣ ≤ |f | for

every γ > 0, we have Mp
q ⊆ wMp

q . The following inclusion properties are discussed in [2].

Theorem 2.2. [2] For 1 ≤ q1 ≤ q2 ≤ p < ∞, the following inclusion holds

wMp
q2 ⊆ wMp

q1 .

If q1 < q2, then

wMp
q2 ⊆ Mp

q1 .

Remark 2.3. Based on Theorem 2.2, it is concluded that for 1 ≤ q1 < q2 ≤ p < ∞ holds

Mp
q2 ⊆ wMp

q2 ⊆ Mp
q1 .

.

Recall that Qvm are dyadic cubes with a volume 2−vn where

Qvm =

n∏
j=1

[
mj

2v
,
mj + 1

2v

)
with v ∈ Z,m = (m1,m2 . . . ,mn) ∈ Zn.

Here,

[
mj

2v
,
mj + 1

2v

)
=

{
x :

mj

2v
≤ x <

mj + 1

2v

}
. Note that for 1 < q < p < ∞ and

f ∈ Lq
loc, the norm of the Morrey space Mp

q can be expressed as

∥f∥Mp
q
≡ sup

v∈Z
m∈Zn

|Qvm|
1
p−

1
q

 ∫
Qvm

|f(x)|q dx

 1
q

.

Bourgain-Morrey spaces were introduced in [4] as a generalization of Morrey spaces.
There are several characteristics that are possessed by Bourgain-Morrey spaces but not
by Morrey spaces. For example, Bourgain-Morrey spaces have the density property of
the set of smooth functions with compact support, but this property does not hold in
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Morrey spaces. We refer the reader to ([6]; Chapter 8). Let us recall the definition of
Bourgain-Morrey spaces below.

Definition 2.4. [4] Let 1 ≤ q ≤ p < ∞ and 1 ≤ r ≤ ∞. Define Mp
q,r = Mp

q,r(Rn) as a

set of all f ∈ Lq
loc for which

∥f∥Mp
q,r

=

∥∥∥∥∥∥∥∥
|Qvm|

1
p−

1
q

 ∫
B(a,r)

|f(x)|q dx


1
q


v∈Z,m∈Zn

∥∥∥∥∥∥∥∥
ℓr

is finite. Here, ∥{xνm}v∈Z,m∈Zn∥ℓr =



 ∑
v∈Z,m∈Zn

|xνm|r
1/r

, if 1 ≤ r < ∞,

sup
v∈Z,m∈Zn

|xνm|, if r = ∞.

Remark 2.5. For r = ∞, the Bourgain-Morrey space Mp
q,r coincides with the Morrey

spaces, Mp
q = Mp

q,∞. For r < ∞, Mp
q,r spaces are smaller than Morrey spaces Mp

q . In
other words, Mp

q,r ⊆ Mp
q = Mp

q,∞.

The following inclusion properties are discussed in [4] as follows.

Lemma 2.6. [4] Let 1 ≤ q ≤ p < r1 ≤ r2 ≤ ∞. Then Mp
q,r1 ⊆ Mp

q,r2 .

Lemma 2.7. [4] Let 1 ≤ q2 ≤ q1 ≤ p < r ≤ ∞. Then Mp
q1,r ⊆ Mp

q2,r.

3.Main Result

Adapting Definition 2.1, we define the weak Bourgain-Morrey spaces as follows.

Definition 3.1. Let 1 ≤ q ≤ p < ∞ and 1 ≤ r ≤ ∞. The weak Bourgain-Morrey space
wMp

q = wMp
q(Rn) is the set of all measurable function f for which ∥f∥wMp

q,r
< ∞ where

||f ||wMp
q,r

:= sup
γ>0

∥∥γχ{|f |>γ}
∥∥
Mp

q,r
.

By Definition 2.4, norm on Definition 3.1 can be stated as

∥f∥wMp
q,r

= sup
γ>0

∥∥∥∥∥∥∥
|Qvm|

1
p−

1
q

 ∫
Qvm

∣∣γχ{|f |>γ}
∣∣q dx

 1
q


v∈Z,m∈Zn

∥∥∥∥∥∥∥
ℓr

.

Similar to weak Morrey spaces, the following inclusions are obtained.

Lemma 3.2. Let 1 ≤ q ≤ p < ∞. Then Mp
q,r ⊆ wMp

q,r for all f ∈ Mp
q,r.

Proof. Let f ∈ Mp
q . Because for every γ > 0 applies

∣∣γχ{|f |>γ}
∣∣ ≤ |f |, then we get

|Qvm|
1
p−

1
q

 ∫
Qvm

∣∣γχ{|f |>γ}(x)
∣∣q dx

 1
q

≤ |Qvm|
1
p−

1
q

 ∫
Qvm

|f(x)|q dx

 1
q

.
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As a result

∥f∥wMp
q,r

=

∥∥∥∥∥∥∥∥
|Qvm|

1
p−

1
q

 ∫
Qvm

∣∣γχ{|f |>γ}(x)
∣∣q dx

 1
q


v∈Z

m∈Zn

∥∥∥∥∥∥∥∥
lr

≤

∥∥∥∥∥∥∥∥
|Qvm|

1
p−

1
q

 ∫
Qvm

|f(x)|q dx

 1
q


v∈Z

m∈Zn

∥∥∥∥∥∥∥∥
lr

= ∥f∥Mp
q,r

< ∞.

Therefore f ∈ wMp
q,r.

Based on Lemma 2.6 and Lemma 2.7, we obtain several inclusion results between weak
Bourgain-Morrey space as follows.

Lemma 3.3. Let 1 ≤ q ≤ p < r1 ≤ r2 ≤ ∞. Then wMp
q,r1 ⊆ wMp

q,r2 .

Proof. Let f ∈ wMp
q,r1 . Based on Lemma 2.6 , we get ∥f∥Mp

q,r2
≤ C ∥f∥Mp

q,r1
so that∥∥γχ{|f |>γ}

∥∥
Mp

q,r2

≤ C
∥∥γχ{|f |>γ}

∥∥
Mp

q,r1

≤ C sup
γ>0

∥∥γχ{|f |>γ}
∥∥
Mp

q,r1

= C ∥f∥wMp
q,r1

< ∞.

Since the above inequality holds for every γ > 0, we have

sup
γ>0

∥∥γχ{|f |>γ}
∥∥
Mp

q,r2

= ||f ||wMp
q,r2

< ∞.

Therefore wMp
q,r1 ⊆ wMp

q,r2 .

Lemma 3.4. Let 1 ≤ q2 ≤ q1 ≤ p < r ≤ ∞. Then wMp
q1,r ⊆ wMp

q2,r.

Proof. Let f ∈ wMp
q1,r. Based on Lemma 2.7, we get ∥f∥Mp

q2,r
≤ ∥f∥Mp

q1,r
so that∥∥γχ{|f |>γ}

∥∥
Mp

q2,r
≤
∥∥γχ{|f |>γ}

∥∥
Mp

q1,r

≤ sup
γ>0

∥∥γχ{|f |>γ}
∥∥
Mp

q1,r

= ∥f∥wMp
q1,r

< ∞.

Taking supremum over all γ > 0, we have

sup
γ>0

∥∥γχ{|f |>γ}
∥∥
Mp

q2,r
= ||f ||wMp

q2,r
< ∞.

Hence, wMp
q1,r ⊆ wMp

q1,r.

In Lemma 3.2, we obtain the inclusion Mp
q,r ⊆ wMp

q,r. The following lemma is an
inclusion result where the value of parameters q and r varies.
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Lemma 3.5. For 1 ≤ q1 ≤ q2 ≤ p < r2 ≤ r1 ≤ ∞ holds

wMp
q2,r2 ⊆ Mp

q1,r1 .

Proof. Let f ∈ wMp
q2,r. Then∫

Qvm

|f(x)|q1 dx

=q1

∫ ∞

0

tq1−1 |{x ∈ Qvm : |f(x)| > t}| dt

≤ |Qvm|Rq1 +
q1

q2 − q1
|Qvm|1−

q2
p

[
|Qvm|

1
p−

1
q2 t |{x ∈ Qvm : |f(x)| > t}|

]q2
Rq1−q2 .

If yvm =
[
|Qvm|

1
p−

1
q2 t |{x ∈ Qvm : |f(x)| > t}|

]
, we get∫

Qvm

|f(x)|q1 dx ≤ |Qvm|Rq1 +
q1

q2 − q1
|Qvm|1−

q2
p yq2vmRq1−q2 .

By choosing R =
(

q1
q2−q1

) 1
q2 |Qvm|−

1
p yvm, it can be obtained

∫
Qvm

|f(x)|q1 dx ≤ 2 · |Qvm|1−
q1
p

(
q1

q2 − q1

) q1
q2

yq1vm.

By taking q1-root of both sides and dividing both sides by |Qvm|
1
q1

− 1
p , we get

|Qvm|
1
p−

1
q1

(∫
Qvm

|f(x)|q1 dx
) 1

q1

≤ 2
1
q1 ·

(
q1

q2 − q1

) 1
q2

yvm

= C · |Qvm|
1
p−

1
q2 (t |{x ∈ Qvm : |f(x)| > t}|) .

Since the above inequality is satisfied for each cube Qvm, we obtain

∥f∥Mp
q1,r

=

∥∥∥∥∥|Qvm|
1
p−

1
q1

(∫
Qvm

|f(x)|q1 dx
) 1

q1

∥∥∥∥∥
ℓr

≤ C
∥∥∥|Qvm|

1
p−

1
q2 (t |{x ∈ Qvm : |f(x)| > t}|)

∥∥∥
ℓr

≤ C ∥f∥wMp
q2,r

.

Therefore, it is proven that wMp
q2,r ⊆ Mp

q1,r. Based on the inclusion relationship in the
sequence space ℓr we obtain wMp

q2,r2 ⊆ Mp
q1,r1 for r2 ≤ r1.

The results of inclusion that have been obtained in weak Bourgain-Morrey spaces are
similar to the results in weak Morrey spaces. Based on Lemmas 3.3, 3.4, and 3.5, we have
the inclusions Mp

q2,r2 ⊆ wMp
q2,r2 ⊆ Mp

q1,r1 holds for 1 ≤ q1 < q2 ≤ p ≤ r2 ≤ r1 ≤ ∞.
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4. Conclusion

In this research, we have some inclusion results of weak Bourgain-Morrey spaces. We
introduce the definition of weak Bourgain-Morrey spaces by combining the definition of
Bourgain-Morrey spaces in Definition 2.4 and the definition of weak Morrey spaces in
Definition 2.1. Similar with inclusion properties of Bourgain-Morrey spaces, we have
wMp

q,r1 ⊆ wMp
q,r2 for 1 ≤ q ≤ p < r1 ≤ r2 ≤ ∞ and wMp

q1,r ⊆ wMp
q2,r for 1 ≤ q2 ≤

q1 ≤ p < r ≤ ∞. For 1 ≤ q1 < q2 ≤ p ≤ r2 ≤ r1 ≤ ∞, we got wMp
q2,r2 ⊆ Mp

q1,r1 . Based
on the results obtained above, we obtain

Mp
q2,r2 ⊆ wMp

q2,r2 ⊆ Mp
q1,r1 .

for 1 ≤ q1 < q2 ≤ p ≤ r2 ≤ r1 ≤ ∞.
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