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Abstract This pap er aims to explore the embedding relation between Bourgain-Morrey spaces and weak
Bourgain-Morrey  spaces. Bourgain-Morrey spaces are important function spaces in harmonic analysis.
In this article, we introduce weak Bourgain-Morrey spaces as a certain generalization of weak Morrey
spaces. We investigate the necessary and sufficien t conditions for functions in weak Bourg ain-Morrey
spaces to also be elements in Bourgain-Morrey spaces, and vice versa. Our results are the inclusion of
weak Bourgain-Morrey spaces and the inclusion of weak Bourgain-Morrey spaces into a certain Bourgain-
Morrey space. These results generalize the inclusion result in Morrey spaces, weak Morrey spaces, and
Bourgain-Morrey  spaces.
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1. Introduction

Morrey spaces were first introduced by C. B. Morrey in [5]. Let 1 < ¢ < p < oo. Define
Morrey space M? = MP(R") as a set of all f € L (R") where

1

1 1
£l = sup [Ban)f | [ If@ftds | <ox.
o) B(a,r)
Morrey spaces are a generalization of Lebesgue spaces; hence M7 is the Lebesgue space L”.
Inclusion in Morrey spaces has been discussed in [1-3, 8]. Inclusion of the generalization
of Morrey spaces has also been widely discussed. In [8], inclusion in mixed Morrey spaces
has been introduced and discussed, and in [2], inclusion in weak Morrey spaces has been
introduced and discussed. In [4], the Bourgain-Morrey spaces are introduced, which are
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a generalization of the Morrey spaces. Adapting Definition 2.1, we define weak Bourgain-
Morrey spaces in Definition 3.1 as a generalization of the Bourgain-Morrey spaces. Our
main result in this paper is the inclusion of weak Bourgain-Morrey spaces.

2. Preliminaries

Adapting the extension of the Lebesgue spaces LP into a weak Lebesgue space wILP,
weak Morrey spaces can also be defined. Weak Morrey spaces were introduced by Gu-
nawan et al. in [2] with the following definition.

Definition 2.1. [2] For 1 < ¢ < p < oo, weak Morrey space wM?b = wMP(R™) is the set
of all measurable function f for which || f]|,, Mz < 00 where

1/ haey = S0 {P1xai 1593 gy -

Based on definition of Morrey space in [7], || f|l,az can be expressed as
1
11 !
fllormg = sup  [Bla,r)|r "« VX1 715y (@)]* d
a€R™,r>0,7>0 B(a,r)

In this definition, B(a,r) is an open ball centered at ¢ € R"™ with radius » > 0 and
|B(a,r)| denotes its Lebesgue measure. By using the inequality |yx{f>3| < |f] for
every v > 0, we have M? C wM?. The following inclusion properties are discussed in [2].

Theorem 2.2. [2] For 1 < g1 < g3 < p < 00, the following inclusion holds
wMb CwM? .

q2 —
If @1 < g2, then

wMb, C MY

q2 —
Remark 2.3. Based on Theorem 2.2, it is concluded that for 1 < ¢; < ¢2 < p < oo holds
ME CwMy, C MY .

qz2 —

Recall that @Q,,, are dyadic cubes with a volume 27" where

n

m; m;+1 .

Q,,mH{ij, JQU >W1thv€Z,m(ml,mg...,mn)EZ".
j=1

. 41 ) 41
Here, [glvj,mgj >: {x:?§x<mj2:r } Note that for 1 < ¢ < p < oo and

f € L], the norm of the Morrey space MZE can be expressed as
1
q
1_1
I£lae; = s 1Qun37H | [ 7@ da
mEZ" vm
Bourgain-Morrey spaces were introduced in [1] as a generalization of Morrey spaces.

There are several characteristics that are possessed by Bourgain-Morrey spaces but not
by Morrey spaces. For example, Bourgain-Morrey spaces have the density property of
the set of smooth functions with compact support, but this property does not hold in
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Morrey spaces. We refer the reader to ([0]; Chapter 8). Let us recall the definition of
Bourgain-Morrey spaces below.

Definition 2.4. [1] Let 1 < ¢ <p <ooand 1 <r <oco. Define Ml . = M (R") as a
set of all f € L for which

loc

Q=

£z, = |3 1@ | [ 1@ ds

B(a,r)
vEZL,meL™ | gr
1/r
E |xym|T , if1<r<oo,
is finite. Here, ||{$Vm}vez,meZ" o= VEL,MEL™
sup  |Zyml, if r = oo0.
vEL,MEL™

Remark 2.5. For r = oo, the Bourgain-Morrey space M? = coincides with the Morrey

spaces, MB = MY . For r < oo, MP . spaces are smaller than Morrey spaces M%. In
other words, M¥ = C MU = MY .

The following inclusion properties are discussed in [1] as follows.

Lemma 2.6. [1] Let 1 <g<p<r; <ry<oo. Then M? _ C M?P

9,1 — q,r2°
Lemma 2.7. [1] Let 1< ga < q1 <p<r <oo. Then M}  CMb .

3. Main Result

Adapting Definition 2.1, we define the weak Bourgain-Morrey spaces as follows.

Definition 3.1. Let 1 < ¢ <p < oo and 1 <r < oco. The weak Bourgain-Morrey space
wMp = wME(R") is the set of all measurable function f for which || f||,, r =< 00 where

11lores,, += sup s e -

By Definition 2.4, norm on Definition 3.1 can be stated as

1_1
”waMgm :Si% |va‘p ¢ (Q/ }7x{|f\>7}|qdl‘
ol

v vEZ,meZL ll pr

Similar to weak Morrey spaces, the following inclusions are obtained.
Lemma 3.2. Let 1 <q<p<oo. Then ML, CwM?b  forall f € M}, .

Proof. Let f € ME. Because for every v > 0 applies }fyx{|f‘>7}} < |f|, then we get

1 1
q
1 1

Qo] P4 / s @7 dz | < |QualP / (@) de

vm
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As a result
(| Ve
1
q
11
= ‘va|p ¢ /|7X{\f|>7}(x)|qu
vm VEZ
meZ™ Hr
1
q
11
< |4 1Qunl? Q/ /(@) do
vm VEZL
mez™ r
1l ey, < 00
Therefore f € wM? . L]

Based on Lemma 2.6 and Lemma 2.7, we obtain several inclusion results between weak
Bourgain-Morrey space as follows.
Lemma 3.3. Let 1 <q<p<r; <rg <oco. ThenwM}  CwM}

q,72 "

Proof. Let f € wM? . Based on Lemma 2.6 , we get || f[|

q,72

<C ”f”/\/l{;,rl so that
HVX{\J‘\M}HM;TZ <c H'YX{|f|>7}HM§m1
< Csup x> lag,,

= Cllflwr

< Q.

P
q,71

Since the above inequality holds for every v > 0, we have
sup s, = 1 llears.,, < oo

Therefore wMP = C wMP u

q,T1 q,72"°

Lemma 3.4. Let 1 <go < q1 <p <r <oo. ThenwM} . CwMb .

Proof. Let f € wM? . Based on Lemma 2.7, we get || f||

q2,7

< ”f”/\/lé’l,r so that

lvxassnllve, . < xassslae,

< sup gl

q1,7

= £l

p
q1,7

< Q.

Taking supremum over all v > 0, we have

sup lvxcorsn e, = 1fllurs, , < oo

Hence, w/\/lg1 » CwMP u

q1,7m"

In Lemma 3.2, we obtain the inclusion M?, C wMP .. The following lemma is an
inclusion result where the value of parameters g and r varies.
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Lemma 3.5. For1 <q; <q <p<ry <7y <00 holds

wMP  C MP

q2,r2 — q1,71°

Proof. Let f € wMP_ . Then

qz2,7"

| @it ds

vm

=q1/0 1 {2 € Qo ¢ |f ()] > )] dt

q1
g2 —

_a 11 a2
< ‘va|Rq1 + @ ‘va|1 P [‘vah 12 t‘{x € Qum : |f(1')| > t}|:| R ™%,

I Yy = [|va\%—% tHz € Qum : |f(2)] > t}@, we get

1 q _a2 _
[ @ e < 1Qunl B 4 0 Q% g, R0

vm

1

By choosing R = (q71> @ |va\_% Yom, it can be obtained

q2—q1

a1

_a q a2
[t s <210l () i
@2 —q

vm

By taking ¢;-root of both sides and dividing both sides by |va|ﬁ7%, we get

1 1
1_ 1 a1 1 q a2
|Qum|F (/ f<x>|q1dx) sw-( ! ) Yo

vm g2 — q1

L

— C - Qumn|? "% (t[{x € Qum : |f(2)] > 1}]).

Since the above inequality is satisfied for each cube @, we obtain

1l

Qualt % ( [ d:c) B

o

11
< C[1Qunl? % (tH{x € Qun : 1 @) > 1),
< Clifllorse,, -
Therefore, it is proven that wM? =~ C ML . Based on the inclusion relationship in the
sequence space £" we obtain wM?b C M . for rp <rq. n

The results of inclusion that have been obtained in weak Bourgain-Morrey spaces are
similar to the results in weak Morrey spaces. Based on Lemmas 3.3, 3.4, and 3.5, we have
the inclusions MP. CwMP ~ C MP  holdsfor 1 <q; < g <p<ry<r; <oo.

q2,72 — q2,72 — q1,T1
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4. Conclusion

In this research, we have some inclusion results of weak Bourgain-Morrey spaces. We
introduce the definition of weak Bourgain-Morrey spaces by combining the definition of
Bourgain-Morrey spaces in Definition 2.4 and the definition of weak Morrey spaces in
Definition 2.1. Similar with inclusion properties of Bourgain-Morrey spaces, we have
wMp . CwMp | for 1 <g<p<r <ry<ooandwMb | CwMb | for 1< gy <
@ <p<r<oo Forl<qg <g <p<ry<r <oo, wegotwMb —CMP . Based
on the results obtained above, we obtain

ME L CwMb CMP

q2,r2 — q2,r2 — q1,71°

for 1<q1 <ga<p<ry <1 < oo
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