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Abstract In this paper, we shall discuss two formulas for the angle between a subspace of dimension

p and another subspace of dimension q with 1 ≤ p ≤ q ≤ dim(X), in an inner product space X.

In particular, we shall see that the two seemingly different formulas, one is defined by H. Gunawan,

O. Neswan, and W. Setya-Budhi in 2005 and the other by I. B. Risteski and K. G. Trenčevski in 2001

and N. Wildberger in 2017, are actually identical.
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1. Introduction

Let (X, ⟨·, ·⟩) be a real inner product space, U := span{u1, . . . , up} be a p-dimensional
subspace, and V := span{v1, . . . , vq} be a q-dimensional subspace of X, where 1 ≤ p ≤
q ≤ dim(X). As in [3], the angle θ := θ(U, V ) between the subspace U and the subspace
V may be defined by

cos θ :=
∥projV u1, . . . , projV up∥

∥u1, . . . , up∥
, (1.1)

where ∥u1, . . . , up∥ denotes the volume of the p-dimensional parallelepiped spanned by
u1, . . . , up, given by

∥u1, . . . , up∥ :=
√

det[⟨ui, uj⟩]p×p.

Note that the value of cos θ here is non-negative. This means that we always choose the
acute angle between the two subspaces.

For n ∈ N in general, the expression ∥x1, . . . , xn∥ is known as the ‘standard’ n-norm
on X, which was studied in [2]. It is clear that ∥x1, . . . , xn∥ ≥ 0 and ∥x1, . . . , xn∥ = 0 if
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and only if x1, . . . , xn are linearly dependent. Moreover, ∥x1, . . . , xn∥ is invariant under
permutation, and

∥αx1, x2, . . . , xn∥ = |α| ∥x1, . . . , xn∥

for every α ∈ R and x1, . . . , xn ∈ X. Also,

∥x0 + x1, x2, . . . , xn∥ ≤ ∥x0, x2, . . . , xn∥+ ∥x1, x2, . . . , xn∥

for every x0, x1, x2, . . . , xn ∈ X. See [2] for more properties of the standard n-norm.
Along with the the standard n-norm, we have the standard n-inner product on X [1]:

⟨x0, x1|x2, . . . , xn⟩ :=

∣∣∣∣∣∣∣∣∣
⟨x0, x1⟩ ⟨x0, x2⟩ · · · ⟨x0, xn⟩
⟨x2, x1⟩ ⟨x2, x2⟩ · · · ⟨x2, xn⟩

...
...

. . .
...

⟨xn, x1⟩ ⟨xn, x2⟩ · · · ⟨xn, xn⟩

∣∣∣∣∣∣∣∣∣ .
Note particularly that ⟨x1, x1|x2, . . . , xn⟩ = det[⟨xi, xj⟩] = ∥x1, x2, . . . , xn∥2.

Now, with the properties of the p-norm on X, we can observe some basic properties of
the angle θ given via the formula for cos θ in (1.1):

• The ratio that defines cos θ is indeed a number in [0, 1]. In particular, if the
projection of one of the vectors spanning U on V is a zero vector, then cos θ = 0
or U is orthogonal to V ;
• The projection of ui’s on V is independent of the choice of basis for V (thus,
for example, we may replace v1 and v2 by v1 + v2 and v1 − v2);
• The projections are linear transformations, and so the ratio that defines cos θ
is also invariant under any change of basis for U .

For a special case when p = q, it can be shown that

cos2 θ =
det(MMT)

det[⟨ui, uj⟩] det[⟨vk, vl⟩]
=

(detM)2

det[⟨ui, uj⟩] det[⟨vk, vl⟩]
, (1.2)

where M := [⟨ui, vk⟩] [3, 4].

2.Main Results

2.1. The first formula

We can derive a general formula for the angle θ between the subspace spanned by U
(of dimension p) and that by V (of dimension q) as in [3]. By writing

projV uj :=

q∑
k=1

αjkvk,

where (by the Cramer’s rule)

αjk =
⟨uj , vk|vi2(k), . . . , viq(k)⟩

∥v1, . . . , vq∥2
=

⟨uj , vk|vi2(k), . . . , viq(k)⟩
det[⟨vk, vl⟩]

,

with {i2(k), . . . , iq(k)} = {1, 2, . . . , q} \ {k}, k = 1, 2, . . . , q, we have

⟨projV ui, projV uj⟩ = ⟨ui, projV uj⟩ =
q∑

k=1

αjk⟨ui, vk⟩,
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for i, j = 1, . . . , p. Next, computing

∥projV u1, . . . ,projV up∥2 =

∣∣∣∣∣∣∣∣∣∣∣

q∑
k=1

α1k⟨u1, vk⟩ · · ·
q∑

k=1

αpk⟨u1, vk⟩

...
. . .

...
q∑

k=1

α1k⟨up, vk⟩ · · ·
q∑

k=1

αpk⟨up, vk⟩

∣∣∣∣∣∣∣∣∣∣∣
=

det(MM̃T)

detp[⟨vk, vl⟩]
,

where M ; = [⟨ui, vk⟩] and M̃ := [⟨ui, vk|vi2(k), . . . , viq(k)⟩], with {i2(k), . . . , iq(k)} as be-
fore, the formula (1.1) becomes

cos2 θ =
det(MM̃T)

det[⟨ui, uj⟩] detp[⟨vk, vl⟩]
, (2.1)

as obtained in [3]. This is the first formula that we derive from (1.1).

2.2. The second formula

Let X = Rd, equipped with the usual inner product, U = {u1, . . . , up} be a p-
dimensional subspace of X, and V = {v1, . . . , vq} be a q-dimensional subspace of X
with 1 ≤ p ≤ q ≤ d. Next, let P be the p × d matrix whose i-th row is ui (i = 1, . . . , p)
and Q be the q× d matrix whose k-th row is vk (k = 1, . . . , q). Then, for p = q, the angle
θ between U and V is given by

cos2 θ := det
(
PQT(QQT)−1QPT(PPT)−1

)
. (2.2)

Note that, in general, PQT is of size p× q (and so QPT is of size q × p), PPT is of size
p × p, and QQT is of size q × q. The above formula originated in [4], which was later
explored in [5].

As we shall see below, the formula (2.2) is identical to the formula (2.1), by showing
that it can also be derived from (1.1). In addition, we can also generalize the formula
(2.2) in an infinite-dimensional inner product space, just like the formula (2.1).

2.3. The two formulas are the same

Assume here that X = Rd, equipped with the usual inner product denoted by ⟨·, ·⟩,
and 1 ≤ p ≤ q ≤ d. Let us first consider the case where p = q, where PPT, PQT, QPT,
and QQT are square matrices. In this case, the formula (2.2) reduces to

cos2 θ =
det(PQT) det(QPT)

det(QQT) det(PPT)
=

(detM)2

det[⟨ui, uj⟩] det[⟨vk, vl⟩]
,

where M := [⟨ui, vk⟩], the same as (1.2).
For 1 ≤ p ≤ q ≤ d in general, we have the following theorem, which tells us that the

two formulas (2.1) and (2.2) are identical.

Theorem 2.1. The formula (2.2) is the same as the formula (2.1).
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Proof. For each j ∈ {1, . . . , p}, let ujV =
q∑

k=1

αjkvk = projV uj , namely the projection of

uj on V . Then, we have

uj − ujV ⊥ V,

which implies that

⟨vl, ujV ⟩ = ⟨vl, uj⟩, l = 1, . . . , q.

Hence

q∑
k=1

αjk⟨vl, vk⟩ = ⟨vl, uj⟩, l = 1, . . . , q.

From the last equations, we get ⟨v1, v1⟩ · · · ⟨v1, vq⟩
...

. . .
...

⟨vq, v1⟩ · · · ⟨vq, vq⟩


 αj1

...
αjq

 =

 ⟨v1, uj⟩
...

⟨vq, uj⟩

 ,

whence  αj1

...
αjq

 =

 ⟨v1, v1⟩ · · · ⟨v1, vq⟩
...

. . .
...

⟨vq, v1⟩ · · · ⟨vq, vq⟩


−1  ⟨v1, uj⟩

...
⟨vq, uj⟩

 = (QQT)−1(QPT)j ,

where (QPT)j denotes the j-th column of QPT. Now ∥u1V , . . . , upV ∥2 = det[⟨uiV , ujV ⟩].
But

⟨uiV , ujV ⟩ = ⟨ui, ujV ⟩ =
q∑

k=1

αjk⟨ui, vk⟩,

for i = 1, . . . , p. Hence

∥u1V , . . . , upV ∥2 =

∣∣∣∣∣∣∣∣∣∣∣

q∑
k=1

α1k⟨u1, vk⟩ · · ·
q∑

k=1

αpk⟨u1, vk⟩

...
. . .

...
q∑

k=1

α1k⟨up, vk⟩ · · ·
q∑

k=1

αpk⟨up, vk⟩

∣∣∣∣∣∣∣∣∣∣∣
=

∣∣[⟨ui, vk⟩]p×q ·Aq×p

∣∣,
where Aq×p = [αkj ] = (QQT)−1QPT.

We therefore arrive at the conclusion that

∥u1V , . . . , upV ∥2

∥u1, . . . , up∥2
=

det(PQT(QQT)−1QPT)

det(PPT)
,

which implies that the formula (2.2) is identical with the formula (2.1).
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2.4. The infinite-dimensional case

We notice that in deriving the formula (2.2) from (1.1), the crucial step is finding the
coefficients of the projection vectors ujV ’s. The dimension of the space is absorbed in the
inner products ⟨vk, vl⟩’s and ⟨ui, vk⟩’s. With these remarks, we may replace the matrices
PQT, QQT, and PPT by [⟨ui, vk⟩], [⟨vk, vl⟩], and [⟨ui, uj⟩] respectively, and obtain the
formula

cos2 θ =
det

(
M [⟨vk, vl⟩]−1MT

)
det[⟨ui, uj⟩]

, (2.3)

where M = [⟨ui, vk⟩]. Note that if p = q, then (2.3) reduces back to

cos2 θ =
(detM)2

det[⟨ui, uj⟩] det[⟨vk, vl⟩]
,

as before.
Thus, to summarize, by replacing PQT, QQT, and PPT by [⟨ui, vk⟩], [⟨vk, vl⟩], and

[⟨ui, uj⟩] respectively, we have seen that the formula (2.2) extends to any inner product
space (X, ⟨·, ·⟩), including the infinite-dimensional ones, as does the formula (2.1).
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