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1. Introduction

Throughout this paper, we consider (.,.) to be an inner product and ||.|| as its cor-
responding norm. Let H;,i = 1,2, be Hilbert spaces, C;,i = 1,2,3,...,p and @Q;,j =
1,2,3, ..., be nonempty, closed, and convex subsets of H; and H,, respectively.

The convex feasibility problem (CFP) is obtained as finding a vector * € H; satisfying:

p
z* e )G (1.1)
=1

This problem had intensively being studied by a number of authors due to its various
applications in real life problems, such as in approximation theorem, image recovery,
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signal processing, control theory, biomedical engineering, communication, and geophysics,
see[4, 13, 24]. As a generalization of CFP, we have multiple-set split feasibility problem
(MSSFP). This is formulated as finding a vector z* € H; with the property:

P T
z* e ﬂ C; such that Az™ € ﬂ Qj, (1.2)
i=1

j=1
where A is a bounded and linear mapping. Set p =r = 1, we have

x* € C such that Az* € Q. (1.3)

Equation (1.3) is known as the split feasibility problem (SFP), see Censor and Segal [12].
Since every nonempty, closed, and convex subset of a Hilbert space is a fixed point of
its associating projection, then Equations (1.1) and (1.2) give

p
e ﬂ Fix(Uy), (1.4)
i=1
and
p T
¥ e m Fiz(U;) such that Az*¢€ ﬂ Fiz(Tj). (1.5)
i=1 j=1

where U; : Hy — Hy (1 =1,2,3,...,p)and T} : H, — H, (j = 1,2,3,...,r) are some
nonlinear operators.

Equations (1.4) and (1.5) are called “common fixed point problem (CFPP) and split
common fixed point problem (SCFPP)”, respectively,

Set p = r = 1, Equation (1.5) reduces to

x* € Fiz(U) such that Az* € Fix(T). (1.6)

This is called a two-set SCFPP.

1.1. Split Feasibility Problem (SFP)

The idea of SFP was established in 1994 by Censor and Elfving [9]. The SFP at-
tracts the attention of many researchers due to its various applications in many physical
problems, such as in intensity modulation radiation therapy, signal processing, and image
reconstruction, see [4, 13, 24]. Subsequently, a number of iterative methods for solving
SFP for many nonlinear mappings in Hilbert spaces were established, for more details, see
[7, 8, 10, 19, 25, 26]. Tt is well-known that to solve SFP, the computation of the inverse
of a bounded linear operator is necessary, this was why Byne [7], considered an algorithm
for solving such a problem that does not include the inverse of a bounded linear operator.
Similarly, in 2002, Byne [7], also introduced another algorithm known as CQ-algorithm
for solving SFP and obtained a weak convergence result. To solve the CQ-algorithm, the
computation of metric projections on C and Q are necessary, and this is not an easy task
in practice. More results on CQ-algorithm for solving SFP can be found in [14, 22, 23].
It is well-known that SFP can be reduced to convex feasibility problem (CFP) as well as
fixed point problem, see Mohammed and Kiligman [20].
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1.2. Multiple-Sets Split Feasibility Problem

The multiple-sets split feasibility problem (in short, MSSFP) can be used as a model
for many inverse problems where constraints are imposed on the solutions in the domain
of a linear operator as well as in the operator’s range. The MSSFP generalizes the convex
feasibility problem and split feasibility problem as can be found in [20]. The MSSFP
arises in the field of intensity-modulated radiation therapy (in short, IMRT) when one
attempts to describe physical dose constraints and equivalent uniform dose (EUD) within
a single model, see Censor et al [11]. The IMRT is an advanced mode of high-precision
radiotherapy that uses computer-controlled linear accelerators to deliver precise radiation
doses to specific areas within a tumor.

The IMRT allows for the radiation doses to confirm the three-dimensional (3D) shape
of the tumor more precisely by modulating or controlling the intensity of the radiation
beam in multiple small volumes. It also allows higher radiation doses to be focused on
regions within the tumor while minimizing the dose to surrounding normal critical on
structures. Treatment is carefully planned by using 3D computed tomograpy (CT) or
magnetic resonance images of the patient in conjunction with computerized dose calcu-
lations to determine the dose intensity pattern that will confirm the tumor shape best.
Typically, combinations of multiple intensity-modulated field coming from different beam
directions produce a customized radiation dose that maximizes the dose to the targeted
tumor while minimizing the dose to adjacent normal tissues. The ratio of normal tissue
dose to tumor dose is reduced to a minimum with the IMRT approach. Higher and more
effective radiation doses can safely be delivered to tumor with fewer side effects compared
with conventional radiotherapy techniques. The IMRT also has the potential to reduce
treatment toxicity, even when doses are not increased. Radiation therapy, including IMRT
stops cancer cells from dividing and growing, thus, it is slowing or stopping tumor growth.
In many cases, radiation therapy is capable of killing all of the cancer cells, thus shrinks
or eliminates tumors, for more details, see Ansari and Rehann [2].

1.3. Split Common Fixed Point Problem (SCFPP)

The idea of the SCFPP was developed in 2009 by Censor and Segal (see [12]) and it
entails finding a vector of the family of an operator in one space such that its image under
a bounded linear operator is a common fixed point of another family of an operator in the
image space. The SCFPP generalizes the convex feasibility problem (CFP), the multiple-
set split feasibility problem (MSSFP), and the split feasibility problem (SFP), for more
details, see [20] and the reference therein. Censo and Segal (see [12]), had considered the
following algorithm:

Tyl = U(a:n + yA* (T — I)Axn),Vn >0, (1.7)

where the initial guess o € H is chosen arbitrarily and 0 < v < W, T and S are

demicontractive mappings. Based on the work of Censor and Segal (see [12]), Moudafi [21]
had studied the convergence properties of relaxed algorithm for solving the SCFPP for a
class of quasi-nonexpansive operator T such that (I—T) is demiclosed at zero and obtained
a weak convergence result. Note that, in finite-dimensional Hilbert space, weak and strong
convergence are equivalent. It is different in an infinite dimensional space, that is, they
are not the same. Moudafi’s results guarantee only a weak convergence result. Based on
this, Mohammed [17, 18] utilized the strongly quasi nonexpansive operators and quasi
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nonexpansive operators to solve Moudafi’s algorithm and obtained strong convergence
results.

Kraikaew and Saejung [15] also modified the Moudafi’s algorithm [21] and obtained a
strong convergence result as stated below.

Theorem 1.1. (Kraikaew and Saejung [15]) let U : H;y — H; be a strongly quasi-
nonexpansive operator and T : Hy — H, be a quasi-nonexpansive operator such that both
(I —=U) and (I —T) are demiclosedness at zero. Let A : Hi — H, be a bounded linear

operator with L = ||AA*||. Suppose that T' # . Let {z,} C H; be a sequence generated
by
o € H, (1 8)
Tl = anZo + (1 — an)U(xy +vA*(T — I)Azy,), '

where the parameter v and {c,} satisfy the following conditions:

(a) v e (Ov %)a
(b) {an} € (0,1),lim, 00 ap, =0 and > v, = 00. Then x, — Pray.

One of important classes of nonlinear mappings is the class of strictly pseudocontractive
mapping. This mapping is defined as

1Tz = Tyl < llz =yl + k1|(I = T)a — (T = T)yl ,Ya,y € Hy, (1.9)
where T : Hy — H;, and k € [0,1). If k = 0, Equation (1.9) reduces to
1Tz — Tyl < [lz =yl (1.10)

This is known as nonexpansive mapping.

Numerous authors have extensively studied iterative algorithms for strictly pseudo-
contractive mapping; for example, see [1, 3, 6, 16, 27-29] and the references therein. For
instance, in 1967, Browder and Petryshyn [5] proved that if U is k-strictly pseudocon-
tractive which has a fixed point in C, then the sequence {z,} generated by

{ xo is chosen arbitrarily, (1.11)

Tyl = axy + (1 — a)Uzy,

converges weakly to the fixed point of U provided that a € (k,1). Thereafter, Marino and
Xu [16] modified Algorithm (1.11) and considered the following algorithm:

{ xp is chosen arbitrarily,

1.12
Tn+l = QpTp + (1 - an)an- ( )

It was proved by Marino and Xu[l6] that the sequence {z,} generated by Algorithm
(1.12) converges weakly to the common fixed point of U provided that {c.,} satisfies the
following conditions:

k < ay, < 1 for all n and Z (o, — k)1 — ap) = 00. (1.13)

n=0

In 2007, Acedo and Xu [I] considered the following algorithm:

{ xo is chosen arbitrarily, (1.14)

Tptl = QpZp + (1 - an) Zi\il )\sstn;vn Z 07

where \s > 0, Vs positive integer, 211 s = 1, {UIY| is k-strictly pseudocontractive
mappings and {a,} is a sequence in (0,1) satisfied some certain conditions, see [1]. It
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was proved that the sequence {z,} generated by Algorithm 1.14 converges weakly to a
solution of Problem (1.4).

Motivated by these results, in this paper, we construct parallel and cyclic algorithms of
a finite family of strictly pseudocontractive mappings to solve the following split common
fixed point problems:

N M
Find 2* € () Fiz(U,) such that Az* € (1) Fiz(T,), (1.15)
s=1 r=1
where N > 1 and M > 1 are positive integers, {Us}Y, and {T,.}*, are N and M strictly

pseudocontractive mappings.
Define U and T by

N M

U=> A\Us, and T =Y _B,T, (1.16)
s=1 r=1

where s and r are positive integers, A; > 0, 5, > 0, Zil As =1, and Z%l Br=1. We

will show that U and T are strictly pseudocontractive mappings, Fix(U) = ﬂi\il Fix(Us)

and Fiz(T) = ﬂi\/zjl Fix(T,). We will also show that the sequence {z,} defined by

xo € H, is chosen arbitrarily,
Uy = Ty +yA* ( 2%1 ﬁrTTN— I)Axn, (1.17)
Tn+l = Qplp + (1 - an) 25:1 AsUstin,¥n > 0,

converges weakly to the solution of Problem (1.15).

In Algorithm (1.17), the sequences {3, }M, and {\;}Y, are constants in the sense that
both are independent of n; thus, we will consider a more general case in which {3},
and {\;}Y, depend on n. Hence, we consider the following iterative algorithm which
generates a sequence {x,} by

xo € H, is chosen arbitrarily,
Uy =z + A (SN, BT — 1) Az, (1.18)
Tne1 = Qi + (1 — ay) Zil A Ugun, Y0 > 0.

By imposing some appropriate conditions on {3, }*, and {\;}¥, , we will also show that

the sequence {z,} generated by Algorithm (1.18) will converge weakly to the solution of
Problem (1.15).
Another approach to the Problem (1.15) is the cyclic algorithm:
Let xy be arbitrarily chosen, define a sequence {x,} cyclically by;
{ Ug = Lo +")/A*(T0 — I)AIL'(),
T = Uy + (1 - Oéo)Uouo,

uy =z +yA* (T — I) Az,
Ty = Uy +(1 —ozl)Ulul,

{ uy =y + yA* (To - I)Aa:N,
Ty = anuy + (1 —an)Ugun,
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In a more compact form, the sequence {z, } can be written as

{ Up = T + YA* (T[n] — I)Ascn,

Tp+l = Qplp + (1 - an)U[n]unv (119)

where [n] := n(mod N) with the mod function taking values in {1,2,3,..., N}. We will
also show that Algorithm (1.19) converges weakly to the solution of Problem (1.15).

In what follows, we adopt the notations; I to be the identity operator on H;, Fixz(U)
to be the fixed point set of U i.e., Fiz(U) = {x € H; : Uz =z}, “* =7 and “ =7 to
denote the strong and weak convergence, respectively, and w,, (z,,) to denote the set of the
cluster point of {z,,} in the weak topology, i.e., {there exists a subsequence say {x,, } of
{zy} such that z,, — z}, and T to denote the solution set of SCFPP (1.15). i.e.,

N M
I'= {x* eC:= ﬂ Fix(Us) such that Az* € Q := ﬂ Fz’x(Tr)}. (1.20)
s=1 r=1

2. Preliminaries
The following definitions and lemmas were used in proving our main results.

Definition 2.1. Let C be a nonempty closed convex subset of a Hilbert space (H). A
sequence {x,} € H is called Fejer monotone with respect to C' if

Jone —all < llzn —al, VoeC,

Definition 2.2. Let H be a Hilbert space. A mapping T : H — H is said to be
demiclosed at zero, if for any sequence {z,} € H, there exists € H such that if z,, = z
and Tz, — 0, then Tx = 0.

Lemma 2.3. (Bauschke and Borwein [/]) Let {x,} be a Fejer monotone with respect to
a nonempty closed convex subset C, then {Pcx,} converges strongly. Moreover, x, —
x* € C if and only if w,(x,) C C.

Lemma 2.4. (Acedo and Xu [1]) For each x,y € Hy, the following results hold.

) lo+yl = ol +2@w + o’ 2
(i) llow+ (1= a)yll” = aall* + (1= o) [yl = a1 = o) &~ yI/", ¥ @ € [0,1)

Lemma 2.5. (Marino and Xu [16]) Let C be a nonempty closed convex subset of a Hilbert
space Hy and T : C — C be a k-strictly pseudocontractive.
Then the following results hold:
(i) |Tz — Ty|| < ¥ ||z — y|,Va,y € C. i.e. T satisfies the Lipschitz condition.

(ii) (T —I) is demiclosed at zero.

(111) Given an integer M > 1, assume for each 1 < j < M, T; : C — C is k;—
strictly pseudocontractive for some kj € [0,1). Suppose that {); }%1 s a positive
sequence such that E;\fl Aj=1,andlet T = Z;Zl AT

Then, T is k—strictly pseudocontractive with k = max{k; : 1 < j < M},

(iv) Let {T; 33, {N;}M, and T be as in (iii) above. Assume that {T;}}1, has a

common fized point. Then

M
Fiz(T) = ﬂ Fix(Ty).
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Lemma 2.6. Let T : Hi — H; be k-strictly pseudocontractive mapping. Assume that
the Fix(T) # 0. Then, for each x € Hy and p € Fix(T), the following inequalities are
equivalent.

(i) |Tx =p|* < ||z = p|” + k| T2 — |,
(i) 2(Tx —z,x —p) < —(1 —k)||Tz — z||*,
(iii) 2(Tx —x,Tx —p) < (1+ k) ||Tz — z||*.

Lemma 2.7. (Acedo and Xu [1]) Let C be a nonempty closed convex subset of a Hilbert
space Hy and Pc be a metric projection from Hy onto C. Then, Vy € C' and x € Hy,

lz = Po(@)|* < lly — =] = lly = Po ()|

Lemma 2.8. (Xu [27]) Let {a,} and {c,} be sequences of nonnegative real numbers such
that

An+l S (1 - P)In)an + Op, N Z 07

where {7y} is a sequence in (0,1) such that;
(i) lim v, =0 and >, = co;
n—o0
(i) nlgg()% <0 or ) |op| < oo.

Then lim a, =0.
n—oo

3. Main Results

3.1. Parallel Algorithm (Weak Convergence Results)

Theorem 3.1. Let T : H — H, and U : Hy — H, be k; and k,-strictly pseudocontrac-
tive mappings with k = max{k,,k,}. Let also A : Hy — H, be a bounded linear operator
with its adjoint A*. Assume that T # () and let {z,} be the sequence defined by

xo € H; is chosen arbitrarily,
tn = @n +YA*(T = 1) Az, (3.1)
Tne1 = Qpty + (1 — ap)Uuy, ¥ > 0,

where k < oy, <1 and v € (0, 25E) with L = ||AA*||. Then, z,, — z* € T.

Proof. First, we verify that {z,} is a Fejer monotone sequence on T'.

Now, let z* € T'. By Equation (3.1), Lemma 2.4, and the fact that U and T are
k-strictly pseudocontractive mappings, we have

|xnet — z*HZ = ||lanun + (1 — an)Uuy — a:*||2

= |latn (up, — %) + (1 — o) (Uuy, — ™)
= ap |lu, — 33*”2 + (1 = an) Uy — m*Hz —an(l—ap) |[Uu, — unllz
< oy [l — 2 + (1= ) (un — 2% + K| Uiy, — un|?)

—an(1 — o) Ut — un||”

= [lun = &*|* = (@ = k)1 = ) [Ty = un”, (3.2)

2
|
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and
[tn — &*|* = |[(2n — &*) + yA* (T = I) Az, ||®
= |l&n — 2*|P + 22 ||A* (T = 1) Azy|)” + 27 (2 — ¥, A*(T — I) Az,
< lan — 2| + 72 [[AA|| [|(T — T) A, ||*
+ 2y (Ax, — Ax*, T Az, — Ax,)
< lwn — 2*|* + VP LT Az — Az || = v(1 = k)| T Az, — A, ||
= |lwn — 2" = y(1 = k — 7L)|T Ay — Az . (3:3)
By Equations (3.2) and (3.3), we obtain that
|2ns —2*|* < llen — 2% = v(1 = k — yL)| T Azy — Az
— (an — k)1 — an) Uty — up)? (3.4)

< llow — 2"

Thus, {z,} is Fejer monotone. Therefore, the sequence {||z, — 2*||} converges. Next, we

show that
lim ||TAz, — Az,|| =0 and lim |[|[Uu, — u,| = 0. (3.5)
n—oo n—00

This follows trivially from Equation (3.4) and the fact that {||x, —2*||} converges. Finally,

we show that x,, — x*. To show this, it suffices to show that w, C I' (see Lemma 2.3).

Let © € wy(zy,), then there exists {z,, } of {z,} such that z,, — . By continuity of A,

we have Az, — Axz. By Equation (3.5) and demiclosedness of (T'—I) at zero, we deduce

that T Az = Az, this implies that Az € Fix(T).

Similarly, by Equations (3.1), (3.5) and the fact that x,, — z, we have u,, — .
By (3.5) and demiclosedness of (U — I) at zero, we have that Uz = z, this implies that
z € Fiz(U). Hence, x € I'. By uniqueness of limit and Lemma 2.3, we conclude that
T, — T*. n

Theorem 3.2. Let M > 1 and N > 1 be integers, T, : Hy — H1,1 <r < M and Us :
H, — H;,1 <s < N bek, and ks—strictly pseudocontractive mappings with 0 < k, < 1
and 0 < ks < 1, respectively, and let k = max{k, and ks}, A : Hl — H, be a bounded
linear operator with its adjoint A*. Assume that T # (0, and let {8}, and {\;}2, be
finite sequences of positive numbers such that Zi\il Br =1 and Zil As = 1, respectively,
and also let {x,} be the sequence defined by Algorithm (1.17), where k < a,, < 1 for all
n, and v € (0, 5%) with L = ||AA*||. Then, z, — z* €T.

Proof. Let U = Zil AUs and T = Zi\il B, T.. By Lemma 2.5, it follows that U and
T are k-strictly pseudocontractive mappings, Fiz(U) = ﬂi\il Fiz(Us) and Fiz(T) =
ﬂi\/:ll Fix(T,), respectively. Hence, we can rewrite Algorithm (1.17) as

xo € H, is chosen arbitrarily,

tn = @n + YA (T = I) Ay, (3.6)
Tnyl = QpUy + (]- - Oln)UUn,V’I’L > 0.

Therefore, all the hypothesis of Theorem 3.1 are satisfied. Hence, the proof of this theorem
follows directly from Theorem 3.1. [
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In Theorem 3.2 Algorithm (1.17), the sequences {3, }24, and {\;}Y, are constants in
the sense that both sequences are independent of n. In the next theorem, we consider a
more general case by allowing those sequences to depend on n.

Theorem 3.3. Let M > 1 and N > 1 be integers, T,. : H — H1,1 <r < M and Uy :
H, — H;,1 < s < N bek, and ks-strictly pseudocontractive mappings with 0 < k. < 1
and 0 < ks < 1, and let k = max{k, and ks}, A: H — H, be a bounded linear operator
with its adjoint A*. Assume that T # 0, and let {z,,} be the sequence defined by Algorithm
(1.18). Wherey € (0,15%) with L = ||AA*||, k < o, <1, {A"}M, and {82}, are finite
sequences of positive numbers satisfying the following conditions:

(i) nlingoan =0, Y o, = +o0;
(ii) Yooty ooy X = A2 <ooand 307 L (8 = Br| < oo;
(iii) M =1, N gr=1vn, inf A7 > 0 and inf 5 > 0.
n-= n=
Then x, — z* €T

Proof. Step 1. Here, we show that {z,} is Fejer monotone on T

Write, for each n > 1, U™ = Zil AU and T" = Zﬁ;fl BrT,.. By Lemma 2.5,
U™ and T™ are k-strictly pseudocontractive mappings, Fiz(U") = ﬂi\il Fiz(Us) and
Fix(T™) = ﬂivil Fix(T,), respectively, and Algorithm (1.18) can be written as

xo € H, is chosen arbitrarily,
tn = @+ YA*(T" = I) Az, (3.7)
Tyl = Qplp + (1 — apn)U™uy, Vo > 0.

Let * € T. The following inequality is obtained the same way as Equation (3.4) in the
proof of Theorem 3.1, replace U with U™ and T with T, we have

lznn —a*|* < llwn — | = (1 = k = L)|T" Ay — A,
— (an — k)1 = an) Uty — un|* . (3.8)
Thus, {x,} is Fejer monotone. Therefore, {|x, — 2*||} converges.
Step 2. Here, we show that
lim | T" Az, — Az,|| =0 and n11_>1r010 U™ up, — upl| = 0. (3.9)

n—oo

By (3.7), we have that
HT”+1 ATy — AT ||2 = [JanAun + (1 — ap)U" Au,, — T Az |?
= ||an(Aun — T Az ) + (1 — ) (U™ Auy, — T Az )H2
=y, ||Aun — T Azpa HZ +(1—ay) HU”Aun — T Az H2
— an(1 = ay) U™ Auy, — Auy || (3.10)
Since T™ is strictly pseudocontractive, we deduce that
(U™ Auy, — T™ Az ||* < Q2 ||U™ Ay, — Aug ||
+ k| T Az — Az [P (3.11)
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From (3.10) and (3.11), we have

HTnH Azp — Azp ||2 < k(l - an)||Tn+1 Axpr — Azp ||2
+ o || Ay, — T Az |2
—an(1 — ) |U™ Au,, — Aug | (3.12)

Let T Ax,.1 = T"Azyy + 2, where z, := 2%1 (B — BT, Azpyy , then

| A, — T Az |12 = || Aun — T Az || + 2 (Auy, — T" Azpyy , —20)
+ [lznll?- (3.13)

By Lemma 2.6 (ii), we deduce that

|Au, — T" Az || = ||Azy, + AyA* (T" — I) Az, — T" Az ||
= || Az, — T" Az |P + || AyA* (T — 1) Az, ||?
+ 2 <Aa:n —T" Az, , AyA" (T” — I)Aa:n>
< | Azy, — T" Az ||* + LT Az, — Ay ||?
—y(1 = k)||A*(T" Az, — Az,,)|*. (3.14)

From Equation (3.13), (3.14) and the fact that T is strictly pseudocontractive, we have

| Aw, — T Az |12 < ||Azy — Az |7 + kT Azpyy — Azpy ||?
+ 2k <T”+1 Arpg — Azpy —zn>
+ (L +E)|zall® + 2 (Auy — T" Az iy , —2n)
+ Y LT Az, — Az 2. (3.15)

From Equation (3.7) and the fact that U™ is strictly pseudocontractive, we have

| Az, — Azpiy |12 = |Jan(Au, — Azy) + (1 — a,) (U™ Au,, — Axy,)|?
= o ||Aup — Azn|]* 4 (1 — an)||U™ Au,, — Az, ||
— an(1 — an)||U™ Au,, — Auy,|)?
= [|Au, — Az, |)* + (1 — ap)E| U™ Au,, — Auy, |
— an(1 — a,)||U™ Au,, — Aug |
<L TM Az, — Az, |
— (an — k) (1 — ) [|[U™ Auy, — Aug | (3.16)

Thus, we deduce from Equations (3.12), (3.15) and (3.16) that

(1 — k) HIWH—1 A(E,Hl — A(,Cn+1 ||2
<20,V L ||T" Ay, — Axy||* + 20,k <T”+1 Axpi1 — AT ,—zn>
+(1+ k) an||znll® + 200 (Aty — T Ay, —2n) - (3.17)
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Since (1 — k) > 0, we deduce from Equation (3.17) that

n 2
||T ! Axp — Azpn H
< (1= an*L?)||Azy — T" Ay ||* + 300,y L | T Ay, — Awy|?
2a,k

+m <Tn+1 Azppy — AT 7_Zn>
1+k 200, n
(1 — k) anllznl* + Tk (Aup, —T" Axpir s —2n) (3.18)
and this turn to implies that
En1 < (1= Bn)&n + Mn, where (3.19)
o M ||z

&n = ||IT" Axy, — AﬂanZ M, = + 3ap, Y L*||T™ Az,, — Az, ||* and

1—-k
Bn = any*L*, where M is chosen appropriately such that

2k| <T"+1 Axpa — ATy, —zn> |+ 2| (Auy — T A2y, —2n) |
+ 1+ k)2l < Mz
Trivially, lim 8, =0,> 8, =occand lim g—“ < 0. Hence, by Lemma 2.8, we deduce that
n—oo n—oo-n
lim [|T" Az, — Az,|| = 0. (3.20)
n—oo
On the other hand,
||(]7H1 Un+1 — Un+l ||2 = HU”+1 Un+1 — Tn+l ||2 + ||’7A*(Tn+l - I)Axnﬂ ||2
+2 <U"Jr1 Upsl — Tns1 , —yAS(T™ — 1) Az > . (3.21)

Let U™ up1 = UMupy + qn, where ¢, := Zi\il (AT — X" Ugtiyyy - The fact that U™
is k-strictly pseudocontractive mapping, we have that

10" iy — @ ||F = (U 1 — Tper + G
U s = Znen [P+ gl + 20 ner — Tt 4n)
< tnsr — Tnn H2 + KU tup1 — tnn H2 + HQnHZ
+2(Uups1 — Tps1 » qn)
= HunH — Tn+l H2 + k||U"+1 Unp+l — Un+l H2
+ (14 E)llgnll® + 20U tna1 — 2ot 1 n)
+ 2k <U"Jrl Ups1 — Upsl ,—qn> (3.22)
From Equations (3.21) and (3.22), we have that
A =N wnsr — g |I°
< Namer = st [P + AT (T = 1) Ay |
+2 (U tns1 — Tst  Gn) + 2k (U™ Uniy — Unst , — )
1+ E)lgnll® +2 (U™ tpy — Tpsr , —yAS(T™ — 1) Azpay ). (3.23)
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On the other hand,
Uns1 — Tpat ”2 < tns — “n”z — (1= an)(an — k)[[U"up — un”z (3.24)
and

[tnar = tn]® = |Tne — 2al® + YA (X" = D) Azpa — A (T™ = I) Az, |?
+2 <:z:n+1 — T, YA (T — Az — YA (T" — I)Axn> . (3.25)

Furthermore, we compute

Zne1 — xn”Z < ap |lu, - J7n||2 + (1 = an) |U up — up + up — xn”Z
< ”’YA*(Tn - I)Amnnz + (1 - O‘n) ”Unun - unHz
+2(1 — o) (U up, — U, yA*(T™ — 1) Ax,,) . (3.26)

From Equations (3.25) and (3.26), we have

|t _unHz
< |NAH (T — 1Az — YA (T" = 1) Az, |)?
+(1 — an) U uy — unH2 + [y AT - I)Axn”Z
+2(1 — an) (U up — tup, YA (T" — I)Azxy,)
+2 <:cn+1 — L, YA (T — DAz — YA (T — I)Azn> . (3.27)

Thus, by (3.23), (3.24) and (3.27), we deduce that

U™ wpr = s ||
<1 —an) [[Uup — un||2 + [y AT (T - I)Axn”Z
Hy AN (T = 1) Az ||
AT = DAz — yA(T" = 1) Az

21 — ay, .
Dllgnll + 2700 (g AN (T - 1) A

(1-k)
+ﬁ (Tns1 — Tn, YA (T = DAz — yAY(T" — 1) Azy,)
2 nt * (rm+
e (07 e — AT — D),

where D is chosen appropriately such that

2 2k
|<Unun+l — Tn+l aQn>| +

‘<Un+1 Un+1 — Un+l a_QR>|

(1-k) (1-k)
+ < Dl

Thus, we deduce that

§n+1 S (1 - Bn)én + My (328)
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where
gn = HUnun - un”2 )
/BTL = O, a‘nd
i = VA" (T — 1) Az
AT = 1) Az |+ (R AT (T = D) Az — 7 A" (T = I) Ay P
2(1 — an P
+ Dlignll + 2 —an) (U™, — U, yA* (T™ — 1) Axy,)
(1—F)
2
+ W <:cn+1 — T, YA (T — DAz — YA (T™ — I)Aa:n>
2
+ (1 — k) <Un+l Un+1 — T+l 7_’YA*(T"+1 - I)Axnﬂ >
The fact that li_>m |IT™Ax,, — Az, || = 0, we deduce that li_>m Brn =0, > B, =00, and
lim 7= < 0. Hence, by Lemma 2.8, we have that 1i_>m lU™uy, — uy|| = 0, which complete
n—oo Fn n—oo

the proof of step 2.
Step 3. Here, we show that

nhﬁ\rr;o T Az, — Az,|| =0 and nl;n;o lUuy, — unll = 0. (3.29)
From (1.17), we have

= all = (1= ) (Ut — ) + 2t~ 2]

=[|(1 — an) (U uy — upn) +yA*(T" — I) Az, || .

In view of (3.9), we obtain that

lim ||2n1 — 2] = 0. (3.30)

n—roo
By (3.7), we have that
||un+1 - un” = ||xn+1 - xn”
AT (T~ DAY — 4 AT — ) Az
Thus, in view of (3.9) and (3.30), we deduce that
nhﬁ\rr;o [tnse1 — unll = 0. (3.31)
Given Equations (3.9), (3.31) and the fact that U™ is k—strictly pseudocontractive, thus,

for each n, U™ satisfies n—Lipschitzian condition, see Lemma 2.7, where 7 is chosen

appropriately such that itz < 7. Hence, we have

[un = Utn|| < lun — Uun || + [|[Unn — U uy|
< Nun = U || + 0 [t = U g + U ey — U Mg |
< lun = UM unll + 0% llun = un—1 ||
+n ||un —Up_y Uy — U Ty ||

< Nt = U un || +0(n + 1) |un — un—1|| + 7 ||un,1 —U" My H .
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Thus, as n — oo, we have that

lim |lu, — Uuyl =0.
n—oo
Similarly, from the fact that lim |[Az, —T"Az,| =0, lim ||z, —2,| =0, and T"
n—oo n—oo
is k—strictly pseudocontractive, we also obtain that lim ||Az, — T Az,| = 0.
n—oo

Step 4. Here, we show that z,, — z*. To show this, it suffices to show that w, C T,
see Lemma 2.3. Now, let © € w, (), this implies that there exists a sub-sequence {z,, }
of {z,,} such that z,,, — x. By continuity of A, we have that Az,, — Axz. By (3.29)
and demiclosed property of (T'— I) at zero, we deduce that T Ax = Az, this implies that
Az € Fix(T).

Similarly, by (3.1), (3.5) and the fact that x,, — z, it follows that u,, — z. Also by
(3.29) and demiclosed property of (U — I) at zero, we also deduce that Uz = z. This
implies that x € Fiz(U). Hence, x € I'. By uniqueness of limit and Lemma 2.3, we
conclude that x,, — x*. [ ]

3.2. Strong Convergence Theorems

It is known that, in finite-dimensional Hilbert space, weak and strong convergence
are equivalent, and it is different from infinite dimensional space where they are not
equivalent. For the example of weak convergence which is not strong convergence, see
[2] and reference therein. In Theorems 3.1, 3.2, and 3.3, Algorithm (3.1), (1.17), and
(1.18) converges weakly in an infinite dimensional Hilbert space, to get strong convergence
results, we modify these algorithms.

The following theorem is an extension of Theorem 3.2 from a weak convergence to a
strong convergence.

Theorem 3.4. Let Cy be a nonempty closed convex subset of Hy, M > 1 and N > 1 be
integers, T, : C1 — H1, 1 <r <M, and Us : H, - H,,1 < s < N be k, and ks— strictly
pseudocontractive mappings with 0 < k., < 1 and 0 < ks < 1, respectively. And also
let k = max{k, and ks, for r = 1,2,3,.... M and s = 1,2,3,..., N} such that for all n,
k<a, <1, and A: H — H, be a bounded linear operator with its adjoint A*. Assume
that T # 0, and let {\}, and {8}, be finite sequences of positive numbers such that
Zi\il As =1 and Zi\zl Br =1, and also let {x,} be the sequence generated by

1 S Clv
Up = Ty + 'YA*(Zq{\/:Il BTy — I)A:En,
Yn = QpUn + (1 - an) Ei\il )\sUsu’ru (332)

Cut = {2 € Cu: llgn — 2l < llun — 2P < lon — 2|
Tn+1 = Pcn,+1 (xl)vvn >1,

where ~ € (0,275 with L = ||AA*||. Then z,, — z* €T.

Proof. Let U = Zi\il AsUs and T = 2%1 B, T,. By Lemma 2.5, U and T are k— strictly
pseudocontractive, Fiz(U) = ﬂi\il Fiz(Us) and Fiz(T) = ﬂle Fix(T,), respectively.
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Therefore, Algorithm (3.32) can be rewrite as

T, € Cl,

Uy = Ty + VA* (T - I)Aacn,

Yn = anly + (1 — an)Utn, (3.33)
Cror = {2 € Cu: llgn — 2> < llun — 2 < lan — 2},

Tns1 = Po (1’1),Vn2 1.

n+1

Step 1. Here, we show that for each n > 1, C), is closed and convex. Trivially, C,, is
closed. Next, we show that C), is convex. To show this, it suffices to show that for each
r1,m € Cp, and € € (0,1), &y + (1 — &)r, € C,,. Now, we compute

[yn — & = (1 = &2l = Ellyn — P + (1 = Ellyn — 72l = (1 = €1 — 72
< Ellun =P+ (1= Ellun — 2| = (1 = €)gllry — 2
= llun — & — (1= &
Similarly, we also obtain that
[y — &1 — (L= Era|? < [lwn — & — (1= .
This show that for each 1,1, € Cp, &y + (1 — &)y € .

Step 2. Here, we show that ' C C,. Following the proof of Equation (3.4), for each
g €T, it follows from (3.33) that

lyn = gqlI* < llzn — gl =7(1 = k —=vL)| T Az, — Az, |
— (an — k) (1 = an) Uty — un* . (3.34)
Thus, I" € C,,.

Step 3. Here we show that {z,} is a Cauchy sequence. By the definition of Cy,1 , we
deduce that x, = Pg, (v1). The fact that I' C Cpyy C Cp and 241 = Po,,,, (21) € O,
it follows that

|Xna — 1] < ||z —q]|, for all n € N and g € T
Thus, {z,} is bounded. By Lemma 2.7, we obtain that

2ner = zal® + 2 — 21 * = 2 — Po, 21| + |21 — Po, x|

< ||£Cn+1 — ||2

It is clear that {||z, — x1||} is a monotone increasing sequence. By the boundedness of
{zn}, we deduce that the

lim ||z, — z; || exist. (3.35)
n—roo

Let m,n € N with m > n, by the definition of C,, we have z,, = Pg, (z1) € Cp. It
follows from Lemma (2.7) that

lzm = 2nll® + lzn = 21 )% = l&m — Po,@1|* + llon — Po, 2|

< lm — 2| (3.36)
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By Equations (3.35) and (3.36), we have that nl;ngo||xm — xp|| = 0. Therefore, {z,} is a
Cauchy sequence.
Step 4. Here, we show that

nlLH;o”TAI” — Az,|| =0 and nl;rréo||Uun —uy| = 0. (3.37)
From (3.33) and the fact that z,+; € C,, we have

lyn = @non | < 2w = @ | =71 = k = yL)| T Az, — Az, |?

— (an = k) (1 = an) Uty — un* . (3.38)
From (3.38) and the fact that {z,} is a Cauchy sequence, we deduce that
lim ||yp, — Tpe || = 0. (3.39)

n—roo

Equation (3.37) follows from Equations (3.38), (3.39), and the fact that {x,} is a Cauchy
sequence. On the other hand,

un — znll < lun — Tpar | + | Ter — 20|

<2||pg1 — znll- (3.40)
From (3.40) and the fact that {z,} is a Cauchy sequence, we deduce that
lim ||u, — z,| = 0. (3.41)
n—oQ

Similarly, from Equation (3.39) and the fact that {x,} is a Cauchy sequence, we deduce
that

lim [Ju, — yn|l = 0. (3.42)
n—oo
From Equation (3.34), we deduce that

2 2

Y1 —k—~L)
n -~ 4n n - dn 2 n -
M= wall e~ yall + 20y —all] (3.45)
Y1 —k—~L)

Therefore, by (3.39), we have that lim ||T'Ax,, — Az, | = 0. Similarly, by (3.41), we have
n—oo

that lim || Uu, — uy| = 0.
n— oo

Step 5. Finally, we show that x,, — a*. Since {x,} is Cauchy, we assume that z, — z*.
Thus, by (3.33), we have that w,, — z*. This implies that u, — a*. The fact that
nl;rr;o||Uun — up|| = 0 together with demiclosedness of (U — I) at zero, we deduce that
x* € Fix(U).

On the other hand, by the definition of A and z,, — x*, we have that Az, — Az*.
This implies that Ax,, — z*. The fact that nli_)rr;oHTAmn — Az, || = 0 together with the

demiclosedness of (T — I) at zero, we deduce that Az* € Fixz(T). Hence, * € T', this
turn to implies that x,, — z*. [

In Theorem 3.3, the sequences {\;}X, and {3, }4, are constant in the sense that both
are independent on n. In the next theorem, we considered a more general case by allowing
those sequences to depend on n. Theorem 3.5 does not only extends Theorem 3.4 but also

extends and improves Theorem 3.2 from a weak convergence to a strong convergence.
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Theorem 3.5. Let C be a nonempty closed convex subset of Hi, M > 1 and N > 1
be integers, T, : C1 — H;,1 < r < M and Us : Hy — H,,1 < s < N be k. and
ks—strictly pseudocontractive mappings with 0 < k, < 1 and 0 < ks < 1 and let k =
max{k, and ks, for 1 <r < M and1 < s < N}, A: H — H, be a bounded linear
operator with its adjoint A*. Assume that T # 0, and let {x,} be the sequence defined by

HARS Clv
Yn = QpUn + (1 - an) Zi\il AyUstn,
Up = 2 +yA (XL, BRT, — T) Az, (3.44)

Cunt = {2 € Cut g = 2P < lluw = 2| < flz — 2},
Tpn = Po, ., (21),Yn > 1,
where v € (0,25%) with L = [|[AA*||, k < {on,} < 1, {N"M) and {82}, are finite
sequences of positive numbers satisfies the following conditions:
(i) lim a, =0, > a, = +o0;
n—oo
(i) Soptg Xhy N = At < oo and S0 L 1B — B < oo
(i) N A =1, "M pr=1vn, inf \Y > 0 and inf 5 > 0.
Then, x, — x* € T.
Proof. Write for each n > 1, U" = "N ArU, and T* = S°™ BrT,.. By Lemma 2.5,
U™ and T™ are k—strictly pseudocontractive, Fiz(U™) = ﬂi\il Fix(Us) and Fix(T™) =
ﬂi\/:ll Fix(T),), respectively. Therefore, we can rewrite Algorithm (3.44) as

T, € Cl,
Yn = QpUp + (1 - an)Unuru
Uy = Ty + VA* (T" — I)Aygn7 (3.45)

Crn = {2€ Cutllyn = 21 < llun — 2P < Il — 2P},
Tny = Po, . (21),Vn > 1.

By Theorem 3.4, we see that C,, is closed and convex, I' C C,, and {z,} is Cauchy. Next,
we show that

lim [|T" Az, — Az,|| =0 and lim ||[U™u, — uy|| = 0. (3.46)
n—oo n—oo
From (3.45) and the fact that x,.; € C,. Following the same steps as in the proof of
Theorem 3.1, in particular Equation (3.4), we obtain that
[yn — T ”2 < zn — #nn H2 —y(1 =k =AL)||T" Az, — Az, |?
— (an — K1 = an) U™ty — un | . (3.47)
The fact that {z,} is Cauchy, we obtain that
lim ||y, — Zpi || = 0. (3.48)
n—oo
From (3.48) and the fact that {z,} is Cauchy, we deduce from (3.47) that
limsup||T" Az,, — Az,|| = 0 and limsup||U™u,, — u,|| = 0. (3.49)
n— oo

n—roo

Next, we show that the limit of (3.49) actually exists.
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From (3.45), we deduce that

1T A — Adrnr [P = [T Azas — Ayl + | Ay — Ay |
+2 <T”+1 Axp — Ayn, Ay — Az >
= o || Aty — T™ Az |2
+ (1= an) | U™ Auy — T™ Az |2
—an(1 = an) U™ Ay, — Aup|® + || Ay — Az |?
+2 <T"+1 Axp — Ay, Ay — Az > . (3.50)

Since each U™ and T™ are k-strictly pseudocontractive, we obtain that

U Aup — T™ Az || < U™ Aty — Az ||* + k| T Az — Az |
< | Au, — Az |2 + K| U™ Auy — Auy, |2
+ E|T™ Azpy — Az |?
< | Azn — Ainer P + [ AYA*(T" = I) A
+2(Ax, — Az ,AYA*(T" — 1) Azy,)

+ RU Auy — Aug P + K[ T™ Azpey — Ay ||
(3.51)

Let T™! Az = T"Axpa +2y, where z, := Zi\zl (Bt — BT, Az, - The fact that
T™ is k-strictly pseudocontractive, we have

| Aw, — T Az |12 = ||Aun — T Az ||+ ||2al* + 2 (Au, — T Azpyy , —22)

<[ Aup = Az [P+ EIT" Azpy — Az [P + |20
+2(Auy — T A%y, —2n)

< Ay — Azp [P + [|AyA™(T" — 1) A, ||°
+2(Ax,, — Azpyy , AYA* (T — 1) Az,)
+ k| Az — T™ Az |)?
+ (LK) [[znl* + 2k (T Azpay — ATnar ,—20)
+2(Auy — T AZpy ,—2n) (3.52)

By substituting Equations (3.51) and (3.52) into (3.50), we have

(1= k) [T Aznsr — Az || < A0 — Azt | + 2L T Az, — Ay
+2(Az, — Azpyy , AYA*(T™ — 1) Az,) + (14 E)ag ||z
+ 200k <T”Jrl Axp — Az, —zn> + 20, (Auy, — T Ay, —20)
+ 1Ay — Azt ||> +2(T™" Azpa — Ayn, Ayp — Azt ).
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Thus, the fact that (1 — k) > 0 and noticing that 4> L < (1 — k)?, we deduce that
HTnH Arpy — Azpn ||2 < |[|Azy, — Azpn ||2 + (1= )| T Ay, — Ax””z
+ a,||T" Az, — Az, |)?

1
+ —— (Az, — Azpyy , AYA™(T" — 1) Axy,)

1-k
2ak
+ (1 + k)ozn||zn||2 + m <Tn+1 Az — Az afzn>
200, n 2
+ <Aun - T Axn+l a_zn> + HAyn - Axnﬂ H

1-k
2 n+1
+ 1T-% <T Axpy — Ayn, Ay, — Axpay > . (3.53)
This implies that
€n+1 < (1 - 5n)€n + Mn,s

where
&n = ||IT" Axy, — Aaan2 ,
Bn = ay, and
M = QM ||z + a | T" Azy, — Azy||® + || Ay, — Azp |2
2
+ ||Amn — Azpp ”2 + 1_k <Tn+1 Axpyr — AYn, AYn — AZnn >
+ 1% (Azx,, — Axpyy , AYA*(T™ — 1) Axy,) .
where M is chosen appropriately such that
2k 2
1-% |<Tn+1 Azpy — Az 7_Zn>| + 1-% ‘<Aun —T"Axpp 7_Zn>|

+ @+ Rzl < Mlj2n].
Clearly, lim 8, =0,>_ 8, = o0, and lim Z—" < 0. Thus, by Lemma 2.8, we deduce that
n—oo

nso0 Bn
nler;o||T"Amn — Az,|| = 0. (3.54)
On the other hand,
U™ g = wn [P = [0 tnar =yl + unn — ynll?
+2 <U"+1 Uns1 — Yn, Yn — Uil > . (3.55)

Let U™ upyy = UMupy + wy, where w, = Zi\il (A — X")Ugtiyyy - The fact that
each U™ is k-strictly pseudocontractive mapping, it follows that

10w =yl = 10w = yall* + 2 (U tnsr = Yo, wn) + [wnl|?
<Nltnsr = ynll* + kU tpsr =t |2
+2(U a1 — Yoy wa) + [lwn|?
< nn = yal® +EINT™ s = wna [P+ (1 + &) w1

+2(U Uns1 — Yn, Wn) + 2k <Un+1 Un+l — Un+l _wn> .
(3.56)
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On the other hand,
[unst = ynall? < llunn —unl* = (1= an)(an — &)U up — unl? (3.57)
and
lune = unl® = lensr = @nlP + AT = DAzns =y A" (T" = 1) Az
+2 <xn+1 — T, YA (T™ — DAz — yA*(T" — I)Amn> .

(3.58)
From (3.54) and the fact that {z,} is Cauchy, it follows from (3.58) that
nlLIr;o||un+1 — up|| = 0. (3.59)

From (3.56) and (3.57), we have
||Un+1 Unp+1l — yn||2 S k||Un+1 Un+1 — Un+l ”2 + ||un+1 - un”Z
= (1= an)(an = B)|U"un — un|* + (1 + &) |wn

+2(U tns1 — Yn, wn) + 2k <Un+1 Un+1l — Un+l *wn> .
(3.60)

By substituting (3.60) into (3.55) and the fact that & < 1, we have
A= BT s — et [P < s — i+ (L ) |07t — 1

+ (L4 B)[[wnll* + luna = ynl®
+2(U ups1 — Yn, Wn)
+ 2k <U”’rl Upsl — Unil —wn>
+2 <U"Jrl Untl — YnyYn — Unil > . (3.61)

By (3.61) and the fact that (1 — k) > 0, we have that

||UWrl Un+1 — Un+l ||2
< (1= )10t — un | + tner = un|?
A+ F)Jwall* + une — ynl?

—I—% ( (UMtnsr = Ynrwn) + 2k (U™ Uy — tUnar , —wn) )
200" wnar = Ynllllyn — e |- (3.62)
This implies that
Enr1 < (1= Bn)&n + Mns
where
En = U up — unll”,
Bn = a,, and
o = My[wa]| + una —unl® + M [lupn — ual,
where M; and M, are chosen appropriately such that

2 2k
(1 + k)”wn” + m| <Unun+l - ynawn> | + m‘ <Un+1 Un+1 — Un+l afwn> |

< My ||wn|
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and
2||Uvn+1 Un+l — ynHHyn — Un+1 ” < MZHyn — Un+1 ||
From (3.48) and (3.54), we have that

lim ||y, — wps1 || = 0.
n—oo

Clearly, that li_>m Brn = 00,>. Bn =0and li_>m g—: < 0. Thus, by Lemma (2.8), we deduce
that

lim ||[U"uy, — uy| = 0.
n— o0

This completes the proof of Equation (3.46). Following the same steps as in the proof of
Equation (3.29) and together with Equation (3.46), we deduce that

lim [|TAz,, — Az, || = 0 and lim ||Uuy, — uy|| = 0. (3.63)
n—o0 n—oo
Finally, we show that x,, — z*. Since {x,, } is a Cauchy sequence, we assume that z, — x*.
By (3.45) and the fact that the lim |T Az, — Ax,|| = 0, we have that w, — x*, this
n—oo
implies that u, — x*. The fact that lim ||[Uwu,—u,| = 0 together with the demiclosedness
n—oo

of (U — I) at zero, we deduce that z* € Fiz(U).
On the other hand, by the definition of A and z,, — x*, we have that Az, — Az*,
this implies that Az, — x*. The fact that lim ||T Az, — Az,| = 0 together with the
n— oo

demiclosedness of (T — I) at zero, we deduce that Az* € Fixz(T). Hence, * € T’ this
show that xz,, — x*. This completes the proof. [
3.3. Cyclic Algorithm

Theorem 3.6. Let T, : H — Hy, and U, : Hy — H, forr=1,2,3,..., M be k,.—strictly
pseudocontractive mappings with 0 < k. < 1, and let k = max{k,,1 < r < M}, A :
H, — H, be a bounded linear operator with its adjoint A*. Assume that, for N = M, the
solution set T' of Problem (1.20) is nonempty, and let {x,} be the sequence generated by
xr € Hl;
Tn+l = QplUp + (1 - Oln)U[n]Un,Vn >1,
where [n] = n(mod M) with mod function taking values in {1,2,3,... M}, k < a,, < 1
and v € (0, 7%) with L = ||AA*||. Then x,, = z* € .
Proof. First, we show that {z,} is Fejer monotone with respect to I'. Let z* € T', following

the same steps as in the proof of Theorem 3.1, in particular Equation (3.4), we obtain
that

Jnas — 1P < llzm — 2% = A(1 = b = 1L) [Ty Az — Az |
2
—(n — k)1 —ap) HU[n]un — unH . (3.65)
Thus, {z,} is Fejer monotone,
o o0
Z | Ty Az, — Az ||* < 0o and Z |Upnyttn, — un|)* < 0.

n=1 n=1

In particular, we have

hm ||U[n]un — ’U,nH = 0 and li)m ||T[n]A$n - AITLH = O

n—roo
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Finally, we show that x,, — z*. To show this, it suffices to show that w, C I (see Lemma
2.3). Let ¢ € wy(xy,), this implies that there exists a sub-sequence {x,, } of {z,} such
that z,, — z. Let r € {1,2,3,..., M} such that [ng] := r for all k. By continuity of A, we
have Ax,, — Az. It turns out that

T, Ay, — A, || = || T Az, — Az, || = 0.

By demiclosedness of (T, — I) at zero, we deduce that Az € Fixz(T,). Similarly, from the
fact that x,, — z, it follows that u,, — z. By demiclosedness of (U, — I) at zero, we
also deduce that U,z = z which implies that « € Fiz(U,). Hence, € I'. This implies
that w, C I'. By uniqueness of limit and Lemma 2.3, we conclude that x, — x*. This
completes the proof. n

Theorem 3.7. LetT,.: HH — H, and U, : Hy — H, forr=1,2,3,..., M be k,—strictly
pseudocontractive mappings with 0 < k, < 1, and let k = max{k,,1 <r < M}, A: H —
H, be a bounded linear operator with its adjoint A*. Assume that for N = M, T # 0, and
let {z,} be the sequence defined by

T € Cl,

Yn = QpUp + (1 - an)U[n]una

Up, = Ty, + YA* (T[n] — I)Axn, (3.66)
Cnt = {2 € Cu: llga = 2l < lluw = 2| < flan = 21 },

T = FPo (wl),VnZ 1,

n41
where [n] = n(mod M) with mod function taking values in {1,2,3,... M}, k < a,, < 1
and v € (0, 7%) with L = ||AA*||. Then x,, = z* € .

Proof. The proof of this theorem follows directly from Theorem 3.4 by replacing U}, with
U and T}, with T" as in Algorithm (3.33). L]

The split common fixed point Problem (1.5) can be viewed as a special case of the
common fixed point Problem (1.4), since (1.5) can be written as

N+ M
z* e () Fiz(U,), (3.67)
s=1

where Fiz(Uny,) = {x* € H:x*e€ A~ (Fixz(T,)), for 1 <r < M} By taking v =0

in Theorem 3.2, 3.3 and 3.4, we obtain the following corollaries.

Corollary 3.8. Let U : H — H be a k—strictly pseudocontractive mapping with k € [0, 1).
Assume that the common fized point U is nonempty, and let {x,} be the sequence defined

by

(3.68)

xo is chosen arbitrarily ,
Tp+l = QpTp + (1 - Oln)ULUn7V7’L >0,

where k < a, < 1 and Y (o —k)(1 — a,) = 0. Then {x,} converges weakly to the
common fized point of U.

Proof. The proof of this corollary follows trivially from Theorem 3.1 by taking v = 0.
Algorithm (3.68) is known as Mann algorithm, see [16]. L]
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Corollary 3.9. (Acedo and Xu [10]) Let Uy : H — H be a ks—strictly pseudocontractive
mapping with 0 < ks < 1 and let k = max{k;,1 < s < N} where N > 1. Assume that
the common fized set ﬂi\il Fiz(Uy) is nonempty, and let {8}, be a finite sequence of
positive numbers such that Zil Bs = 1. Let also {x,} be the sequence generated by

{ x is chosen arbitrarily;

3.69
Tptl = QpZy + (]- - an) Zi\il ﬁsstnavn > Oa ( )

where k < ap, < 1 for all n, and Zil (on — k)(1 — an) = 00. Then {x,} converges
weakly to a common fized point of {Us}Y, .

Corollary 3.10. (Acedo and Xu [1]) Let Us : H — H be a ks—strictly pseudocontractive
mapping with 0 < ks < 1, and let k = max{ks,1 < s < N} where N > 1. Assume that
the common fized set ﬂil Fiz(Uy) is nonempty, and let {8}, be a finite sequence
of positive numbers such that Zi\il B =1 for all n and Tlf;f;ﬂ? Let also {x,} be the

sequence defined by

{ xg is chosen arbitrarily; (3.70)

Tn+l = QpTp + (1 - an) Zi\il @LUsJUmVn >0,

where k < o, < 1 for all n, such that Y (a, — k)(1 — o) = 00 and

> \/Zi\il |32+t — Bn| < oo. Then {x,} converges weakly to a common fived point of
{UE
Corollary 3.11. Let C be a nonempty closed convex subset of H;, T, : C; — H;,1 <r <
M, be k,.—strictly pseudocontractive mappings with 0 < k, < 1. Let k = max{k,, for r =
1,2,3,..., M} such that for all n, k < a, < 1. Assume that the common fized set
ﬂle Fix(U,) is nonempty and let {\.} M, be finite sequence of positive number such
that Zﬁl Ar = 1. Let also {x,,} be the sequence generated by

x € Cy,

Yn = QnTp + (1 —ay) Zﬁl MUy,

Ct = {2 € Cu: llgn = 2I* < llow — 2IP },
Tnw = Po, ., (21),Vn > 1.

(3.71)

Then {x,,} converges strongly to a common fized point of {U, }M, .

Corollary 3.12. Let T, : H — H forr =1,2,3,.... M be k,.—strictly pseudocontractive
mappings with 0 < k. < 1, and let k = max{k,,1 < r < M}. Assume that the common
fized set ﬂﬁil Fixz(U,) is nonempty and let {x,} be the sequence generated by

x1 € Hy;
{ Tnr = AT + (1 = an)Upan, Vo > 1, (3.72)

where [n] = n(mod M) with mod function taking values in {1,2,3,... M}, k < a,, < 1.
Then {x,} converges weakly to a common fized point of {U,}M, .

Corollary 3.13. Let C| be a nonempty closed convex subset of Hy, T,. : C; — H;,1 <7r <
M, be k.—strictly pseudocontractive mappings with 0 < k. < 1. Let also k = max{k,,r =



Some Convergence Results for Split Common and Fixed Point Problems in Hilbert Space 53

1,2,3,..., M}. Assume that the common fized set ﬂi\zl Fix(U,) is nonempty, and let {x,}
be the sequence generated by

z; € O,

Yn = oy + (1 — an)Upyyn,

Cun = {2 € Cus lyn = 2I* < llow — 212},
Tnn =P, (21),Vn > 1,

(3.73)

where [n] = n(mod M) with mod function taking values in {1,2,3,... M}, k < a,, < 1.
Then {x,} converges strongly to a common fived point of {U,}M, .

Remark 3.14. By taking & = 0 in (1.9), we immediately obtained Equation (1.10) which
is known as nonexpansive mapping. In Theorem 3.1, 3.2 and 3.3, as U and T are two
nonexpansive mappings, we can also obtain similar results.

4. Application to Variational Inequality Problems

Let T : C — H; be a nonlinear mapping. The variational inequality problem with
respect to C' consists as finding a vector z* € C' such that

(Tax*,x —2x*) >0, Vel (4.1)

We denote the solution set of variational inequality problem (4.1) by VI(T,C). It is easy
to see that

e VI(T,C) if and only if z* € Fix(Pco(I — BT)), (4.2)

where Po is the metric projection from H; onto C' and [ is a positive constant. Let
Q := Fiz(Pc(I — BT)) (the fixed point set of Po(I — 8T)) and A = I (the identity
operator on H;), then Equation (4.1) can be written as;

find «* € C such that Az* € Q. (4.3)
Hence, as the consequence of Theorem 3.4, we have the following theorem.

Theorem 4.1. Let C; be a nonempty closed convex subset of Hy, T, : C; — H;,1 <
r < M, and Us : Hy — Hy,1 < s < N be family of nonexpansive mappings. Assume
that T' # 0, and let {\s}Y, and {B,.}M, be finite sequences of positive numbers such that

Zi\il As =1 and Zi\zl Br =1, and also let {x,,} be the sequence generated by

xr] € Cl,
Yn = QpUp + (1 ;Ian) Ei\il AsUstin,
Up = Tn + ’)/( Zrzl BrTr - I)mna (44)

Crot = {2 € Cu: llgn = 21> < llun = 2P <l — 2|
Tnn = Po,,, (1), V0 > 1,
where 0 < o, < 1 and v € (0,1). Then {x,} converges strongly to a solution of Problem

(4.9).

Proof. Since U and T are nonexpansive, then they are k—strictly pseudocontractive map-
ping with k& = 0. Therefore, all the hypothesis of Theorem 3.4 are satisfied. Hence, the
proof of this theorem follows directly from Theorem 3.4. [
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Remark 4.2. The results presented in this paper, not only extend the results of Browder
and Petryshyn [5], Acedo and Xu [I] and Marino and Xu [16] but also extend, improve
and generalize several well-known results announced.

5. Numerical Example

In this section, we illustrate the convergence result of Theorem 3.1. Furthermore, we
compare the convergence rate of Algorithm 3.1 with that of Browder and Petryshyn [5].
The following is an example of strictly pseudocontractive mappings.

Example 5.1. Let H; =R and H, =R, C :=[0,00), and @ := [0, 00) be a subset of H;
and H,, respectively. Define T': C' — C by Tx = % forallz € Cand U : Q@ — Q by

2x
e V. 1
Ure d 751 € (1,00)

0, Vo € [0,1].

Then, U and T are k—strictly pseudocontractive mappings. For any z,y € C, we have
that

(5.1)

2 1 2 2
1T =Tyl" = 7 lz —yl” < llz =yl + kll(@ - Tz) — (y - Ty)|*.
Also, for any =,y € @, we have that

2
Ur—Uy|)f = ————
| vl )
Thus, U and T are k—strictly pseudocontractive mappings.
Example 5.2. Let H, = R and H, = R, C :=[0,00), and @ := [0,00) be subset of H;
and H,, respectively. Define T': C — C by Tx = ”;2 forallz € C,and U : Q@ — @ by

lz —yl* < llz = ylI* + kll(z — Uz) = (y - Uy)|*.

2z
o Va € (1,
Ur=1{ z+1 v € (1,00) (5.2)
0, vz € [0,1].
Let also Az =z, v =, an = a = £ and {z,} be the sequence defined by

9 € H; is chosen arbitrarily,
Up = Ty + A (T — 1) Az, (5.3)
Tyl = %un +(1- %)Uun,Vn >0,

Then {z,} converges to 1 € T.

Proof. By Example 5.1, U and T are k—strictly pseudocontractive mappings with Fiz(U) =
1 and Fiz(T) = 1, respectively. Clearly, A is bounded linear on R, and A = A* =1
Hence,

I = {1 € Fiz(T) such that A(1) € Fixz(U)}.
After simplifying (5.3), we have

xo € H, is chosen arbitrarily,
un = 2+ gt (5.4)
Tpsl = n + 5(1+u§l ),Vn > 0.
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TABLE 1. Numerical results of Example 5.3. Starting with initial values

xo = 10 and yo = 10.

Algorithm 5.3

Algorithm of [5]

Tn

Yn

10

10

3.131578947

5.200000000

1.731569779

2.960000000

WO s

1.308817257

1.914666666

14 | 1.000129227

1.000209092

{x,} —— !

Sequence Values

6 8 10
Iterative Steps

12 14

FIGURE 1. The convergence of {x,} for Algorithm 5.3 and {y,} for the
algorithms given in [5] with initial values zy = 10 and y, = 10.

TABLE 2. Numerical results of Example 5.3. Starting with initial values

x9p = —10 and yy = —10.

Algorithm 5.3

Algorithm of [5]

n Tn Yn
0 -10 -10
1 0.189922481 -4.133333333
2 | 0.4573810348 -1.395555556
3 | 0.6758499252 | -0.1179259262

14| 0.9998056078

0.9997444430
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|— ) — .|

0_
2
Sequence Values ]
64
8

-10+ T T T T T T T

0 2 4 6 8 10 12 14

Iterative Steps

FIGURE 2. The convergence of {z,} for Algorithm 5.3 and {y, } for the
algorithms given in [5] with initial values xy = —10 and y, = —10.

Remark 5.3. Table 1 and Figure 1 show that {x,} and {y,} converge to 1 € T'. It also
indicates that the convergence of Algorithm 5.3 is faster than those algorithms given in [5].
Similarly, Table 2 and Figure 2 show that {z,,} and {y,} converge to 1 € I". Furthermore,
Table 2 indicated that the convergence of Algorithm 5.3 is faster than those algorithms
given in [5].
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