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1. Introduction

The classical Hardy-Hilbert integral inequality is a key result in the theory of integral
inequalities Its precise form is stated below. Let p > 1 and ¢ be such that 1/p+1/¢ =1,
and f,g: (0,+00) = (0,400) be two functions. Then we have

/Jm /+OO pay f(@)g(y)dzdy

< m (/0 fp(w)dw>l/p (/Om g"(y)dy>l/q,

provided that the integrals exist. This inequality provides a sharp upper bound for the
double integral in terms of the integral norms of the functions f and g. It serves as a
classical benchmark for numerous extensions and generalizations (see, e.g., [4, 8]). One
notable direction of extension involves replacing f and g by their primitive functions
within the double integral, leading to new forms of Hardy-Hilbert-type integral inequali-
ties. Several such results appear in [1-3, 5-7]. In particular, focusing on three dimensions,
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[7, Theorem 2] is stated below. Let o, 8,y > 0, p,q,r > 1 be such that 1/p+1/q+1/r =1
and p < a/4, g < /4 and r < /4, f,g,h: (0,+00) — (0,400) be three functions, and

~ [Crwa = [owan w16 = [Cnoa

provided that they exist. Then we have

too phoo oo 2/F41/y—1y2/y+1/a—1,2/at1/F—1
A N
x FY et /e (\GYATYa () HY TV () dadydz

22) B/ (22,1 - 4L) i/t (1 41
o o « a p

1/8+1/q
1 1
% 21/agl/q (q’ q) B4 (2(17 1— 4q> BY/B+1/a ( + )

BB B s B oq

1/v+1/r

« 44/ Bgl/r (7‘) 1— 27") BT (27"7 1— 47‘> aanvas (1 + 1)

v v v v v

1/r

<( ” 7 ) " (/ ” 4 )iy " (f +°° W)

provided that the integrals exist. This result is significant as it extends the classical
Hardy-Hilbert integral inequality to a three-dimensional framework involving primitive
functions. It provides an exact upper bound for a triple integral with a highly non-
symmetric kernel function and establishes a clear connection between the integrals of
f, g, and h and those of their primitive functions F', G, and H, respectively. Such
multidimensional extensions play a crucial role in the advancement of modern integral
inequality theory and find applications in various areas of analysis and partial differential
equations.

In this article, inspired by the aforementioned result, we contribute to this line of
research in two complementary directions.

First, we investigate an upper bound for a triple integral of the form

Foo phoo pdoo 2/F+1/y—1y2/y+1/a—1,2/at1/F~1
A e Kt

XFn+l/p( G9+1/q( )Hw+1/r( )dxdydz.

< 4Y/rpl/p (B 1

1/a+1/p
a )

Compared to [7, Theorem 2], the main novelty lies in the introduction of the parameters 1,
0, and w, which provide additional flexibility in the functional structure. Furthermore, the
denominator of the kernel function, (z+y42)***+4/8+4/7 introduces a distinct symmetry
and differs fundamentally from the denominator |z — y — z|*/@T4/#+4/7 considered in
[7]. This modification yields a more balanced and globally symmetric structure, which
aligns more closely with the framework of the classical three-dimensional Hardy-Hilbert
integral inequality. Compared to [2, Proposition 3.2], the numerator is simpler, and the
parameters offer greater flexibility, representing a significant improvement in this regard.
Consequently, the constant factor is entirely different, reflecting these structural changes.
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Second, we investigate an upper bound for a triple integral of the form
+oo  ptoo ptoo x2/5+1/'y71y2/'y+1/aflz2/a+1/ﬁ71
0 0 0 |z —y — 2|/ atd/Ba/y

x FHYP () GOV () HY YT (2)dedydz.

This result extends [7, Theorem 2] by incorporating the additional parameters 7, 6, and
w, which provide increased flexibility in the formulation of the inequality.

Together, these two results establish broader families of Hardy-Hilbert-type integral
inequalities, offering new insights and potential applications in higher-dimensional integral
analysis.

The remainder of this article is organized as follows: Section 2 presents the first main
theorem together with its proof. Section 3 is devoted to the second theorem and its proof.
Finally, Section 4 provides concluding remarks.

2. First theorem

The first theorem below establishes a sharp upper bound for a triple integral of the

form
400 ptoo  ptoo 2/ﬁ+1/'y 1 2/'y+1/a 1 2/a+1/5 1
/ / / T+y+ 2)4/a+4/,8+4/'y
x F1HP(p)Gota(y )H“'H/T( Ydxdydz.

A detailed proof follows, relying on classical analytical tools and integral inequalities,
including [4, Theorem 330].

Theorem 2.1. Let «,5,v,m,0,w > 0, p,q,r > 1 be such that 1/p+ 1/q+ 1/r = 1,
fy9,h:(0,400) — (0,400) be three functions, and

0= [[swa. o= o 16 = [ o

provided that they exist. Then we have
too oo 400 y2/BH1/y—1y2/y+1/a=1,2/a+1/F~1
A e e R
F"H/p(x)GeH/q(y)H”H/T(z)dxdydz
1 n+1/p
B/r (L. 2) guir (a2 o2 ) arsse <n+)
o o p
1/ 1/ 0+1/ 1)
x BY/4 BYa (2= 2 5+q(9+)
(5 ﬁ) ( B’ 5) q
w+1/r
« BT (ﬁ’") B (27",27") oL <w+ 1)
el T r
+oo 1/p +o0 1/q
y ( / Ln—1/a)p fnp+1(m)dx> ( / y<e—1/ﬁ>qgeq+1(y)dy)
0 0
+oo 1/r
~ </ Z(wl/fy)rhwr+l(z)dz) ,
0

IN
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provided that the integrals exist, where, for any u,v > 0, B(u,v) denotes the standard
beta function given by the two following integral representations:

1 ) ) +oo zv—l
Blu,v) = | (1=t 'dt = 4
o = [l ety [ s

Proof. By decomposing the integrand in an appropriate manner and applying the Holder
integral inequality with the exponents p, ¢, and r, we get

oo ptoo ptoo 2/841/y-1 2/’Y+1/a 1,2/a+1/8—1
/ / / +y+z)4/a+4/ﬂ+4/7
x FH/P (g )G9+1/q( VH " (2)dadydz
/+oo/+oo/+oo 1/a 1/p22/a 1/p F77+1/p( )
= x
o aV/P(x+y+4z)te
S1/B=1/q,2/B—1/q 041/q /= 1/Ty2/'y—1/r
yi(z +y + 2)4P ( )zl/r<x+y+Z)4”

HYTYT (2)dadydz

< AYrpllagi/r, (2.1)
where
+o0 +oo +oo yp/a 1 2p/a 1 1
+oo  pfoo ptoo Zq/ﬁ 1,2q/B—1 911
B= / / / x+y+z)4Q/BG (y)dzdydz
and

+oo +oo +oo r/'y 1 27“/7 1 4
C= / / / R — = H (2)dxdyd:z.

Let us find an upper bound for A. Applying the Fubini-Tonelli integral theorem,

making the changes of variables u = z/(z 4+ y) and v = y/x, and using the beta function,
we obtain

+oo +o0 a—1
_ xfp/afl np+1 T (y/x)p/ (1/1:)
a- | i [

x/ﬂ”wﬂx+wfwaluﬂx+m>
0 (1+z/(z +y) "/

+oo +oo p/a—1 +oo 2p/a—1
:/ xfp/alemHl(x)/ Uizdv/ u74dudx
0 o (A4l o (14w

+oo
=B (B, 2) B (QB,ZB) / P/ L () d,
0

dzdydx

a

The remaining integral can be bound by using a general result in [4], as stated below.
Let r,s > 1. Then the generalized version of the Hardy integral inequality stated in [4,
Theorem 330] ensures that

/O T P (0)de < (T s 1)8 /O T e @) (2.2)
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Applying this to r = p/a+ 1 and s = np + 1, after some simplifications, we obtain

+oo 1 np+1 +o00
/ xfp/alenPJrl(z)dx < ot (77 + p> / x(nfl/a)pfanrl(x)dﬂc,
0 0

which yields

pp p P 1 1\ e (n—1/a)p gnp+1
A<B (— —) B (2—,2—) o' n+ - '\ PP (x)dx.
« p 0
(2.3)

Let us now find an upper bound for B. Applying the Fubini-Tonelli integral theorem,
making the changes of variables u = z/(y + z) and v = z/y, and using the beta function,
we get

+o0 +o0o -1
_ —a/8-1 00+ G/y)"P 7 (/)
Bf/0 y Goa+ (y)/o RERETE

@y )T Yy )
X/o (1 +a/(y+2)""" dodzdy

oo +o0 q/B8—-1 +o0 2q/B—-1
:/ y*Q/ﬁflGqurl(y)/ viwdv/ uiwdudy
0 o (1+wv)™ o (14+u)™

+oo
_B (g g) B <2;2g> /0 y~ PTG (y)dy.

Applying Equation (2.2) to r = ¢/8 + 1 and s = 0q + 1, after some simplifications, we
obtain

400 0g+1  ,+4oo
/ y PTG (y)dy < g (9 + q) / y =160 () dy,
0 0

which yields

0q+1 400
B<B (g g) B <2g,22> poatl <9 + (11) ' /0 yO=1/Baghatt(y)day.
(2.4)

Finally, let us find an upper bound for C'. Applying the Fubini-Tonelli integral theorem,
making the changes of variables u = y/(x + z) and v = x/z, and using the beta function,
we derive

+o0 +o0 r/y—1
_ Zfr/'yfl wr+1 p (IL’/Z) / (1/2)
/e )Tt 2)
X/o (1+y/(z+2)4"" dydzd

+o0 +o0 r/v—1 +oo 2r/v—1
:/ Zfr/vleerl(z)/ 1’M2/d1}/ %dudz
0 o (1+v)"7 Jo  (1+u)"

+oo
-B (T,T) B <2T,2r)/ 2T ()
7y v ") Jo
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Applying Equation (2.2) to r = r/y + 1 and s = wr + 1, after some simplifications, we

obtain
+00 1 wr+1 +oo
/ Zfr/'ylewr+1(Z)dZ < ,Yw'r+1 (w + > / Z(u)fl/v)rhtmﬂrl(Z)dz7
0 r 0

which yields

ror T\ Lrad 1\t e (w—1/7)rpwrtl
C<B|(—,—|B(2-,2— |~ w4 - z TR (2)dz.
el T r 0
(2.5)

Combining Equations (2.1), (2.3), (2.4), and (2.5), we find that
+00 400 100 4 9/BH1 /=1y 2/ v+ /o1 2 at1/B-1
/ / / T4y + 2)otd/B+d/y
F"H/p(x)GeH/q(y)HwH/T(z)dxdydz

1 n+1/p
< BY/p <37 B) BYP (9 ( p 2p> omt/p <77 + )
o« « P

1/ 1/ 9+1/ 1)+
x B4 B9 2= poti/a (9—|— )
(B ﬁ) ( B’ 5) q
w+1/r
« BT (7"7 r) BUr (27",27") oL (w N 1)
T T r
+00 1/p “+o0 1/q
« (/ x(n—l/a)pfnpﬂ(x)dx) (/ y(9—1/5)q99q+1(y)dy>
0 0
+o00 1/1”
X </ z(“’l/”’”h“’rﬂ(z)dz) .
0

This completes the proof. [

Let us now discuss some special cases of this theorem. By taking n = 1/a, 6 = 1/8
and w = 1/, we get

Foo phoo pdoo 2/F+1/y—1y2/y+1/a—1,2/at1/F-1
/ / / T4y +2)erd/BrAn
Fl/et1/p( )Gl/ﬁ+1/q( YHY YT (2)dedydz

n+1/p
< Blr (B B) Bl/p (23 22) ql/oti/p (1 + 1
- a’ o o T«

@ p

1
« Bl/a ( )Bl/q (2 >5l/ﬁ+1/q (1 . 1)“ .
BB BB Bq
w+l/r
g/ (r, 7“) B <2r’2r) Ry (1 . 1) o
v v v
+oo 1/p +oo 1/q +oo 1/r
> (/ fp/aﬂ(x)dx) (/ gLJ/ﬁ+1(y)dy) (/ hr/wrl(z)dz) )
0 0 0
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The interest of this integral inequality is that the integral norms of f, g, and h are

unweighted.
On the other hand, by taking n = 1/¢+1/r, 6 = 1/p+ 1/r and w = 1/p+ 1/q, we
obtain the following elegant inequality:

+00 koo pho0 12/BH1 /=1y 2/ v+ a1 2/at1/A-1
/ / / +y+z)4/0‘+4/5+4/7 F(z)G(y)H (2)dxdydz

< gie (P PN pi/w (9P 9P\ gi/a (L 9\ gr/a(od 94
<2 () (a’ 2B (5 57%5)°
% BY/r <T7 T) BYT <2r72r) ~y
Y T
+oo 1/p +oo 1/a
% (/ Jv(l1/04)171fp(l,)dl,) (/ y(l 1/B)g—1 g(y )dy)
0 0
400 1/r
X (/ z(l_l/wr_lhr(z)dz> .
0

Note that F', G, and H are considered directly within the triple integral; they are raised
to the power 1. To the best of the knowledge of the author, these integral inequalities are
new.

3. Second theorem

The second theorem below provides an upper bound for a triple integral of the form

+oo  ptoo  ptoo 2/[3+1/'y—1y2/’7+1/a—122/o¢+1/[3—1
A R et

x TP () GO (y) HY YT (2)dedydz.

A detailed proof follows, relying on classical analytical tools and integral inequalities,
including [4, Theorem 330] and [7, Lemma 1].

Theorem 3.1. Let o, 3,7v,n,0,w > 0, p,q,r > 1 be such that 1/p+1/qg+ 1/r =1 and
p<a/d, qg<B/4andr <~/4, f,g9,h:(0,+00) = (0,400) be three functions, and

o= [[swa. o= o 16 = [ o
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provided that they exist. Then we have

/+m/+m/+m 1,2/B+1/'yf1y2/'y+1/aflz2/a+1/ﬁ71
0 0 0

|z —y — 2|4/ a+4/B+4/~
v Fn+1/p($)G9+1/4(y)H“’+1/r(z)dmdydz

n+1/p
ainp By o) ife (32,1 42) griiss (,7 N 1)
e e Q@ e P
0+1/q
1
w 91/agl/q <q7 q) B4 (2(]’ 1— 4q> BO+1/q <9 + )
B p 5 g q
r 1 w+1l/r
><41/TBl/T< 1—2— )Bl/’” <2 ) wtl/r <w+)
v’ v’ r
+o0 1/p 1/q
~ (/ (=P pptL () d:c) ( y 0=/ Bagfatl(y )dy>
0
+oo 1/r
% </ (UJ 1/'y)7‘hwr+1 )
0

provided that the integrals exist.

IN

Proof. By decomposing the integrand in an appropriate manner and applying the Holder

integral inequality with the exponents p, ¢, and r, we get

/+OO/+OO/+OO 2/,6‘+1/'y—1y2/'y+1/a—lz2/a+1/ﬂ—1

|;v —y— Z‘4/a+4/5+4/'y
FrUe (@) GO (y) H T (2) dadyd

+oo +oo +oo 1/a—1 2/a—1
_ / / / y / /p 52/ /p F”H/”(a:)
0 0 o al/Plr—

y =zt
1/8-1/q,.2/B-1/q 1/y=1/r2/7v=1/r
- Y TGN - o BT (2)dwdyd:
y'ilz —y — 2| 2w —y — 2|4
< Dl/pEl/qFl/T’

where
400 ptoo  ptoo yp/a 1 2p/a 1 »
"o / / / zlr —y — z|4P/aan (z)dzdydz,
oo ptoo ptoo q/B—1,2q/8-1 ooin
/ / / ylr —y — Z|4¢1/5G T (y)dadydz
and

too oo pree /=Ly 2r/y—1 +1
/ / / zlz —y —Z‘4r/'yH (2)dzdydz.

Let us find an upper bound for D. Using the triangle inequality, i.e

(3.1)

|z =yl — 2] <

|x —y — z|, applying the Fubini-Tonelli integral theorem, making the changes of variables
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u=z/|lr —y| and v = y/z, and using [7, Lemma 1], we obtain

+o00 +oo +o0o yp/a 1 2p/a 1
o] 7 7 () dwdyd
x|z -yl - |

+OO a—1
_ 7p/oc np (y/x)p/ (1/‘T)
< [T [

oo (| — y) T (1| — y
[ e
0 1= z/]z =yl

+oo +oo p/a—1 +oo 2p/a—1
:/ x_p/“_lF”pH(x)/ vidv/ Y dude
0 O T Y R B L

—+oo
— 4B (3, 1 23) B (23, 1 43) / aPla= Lt (1) dg.
« a e a’ Jo

Applying Equation (2.2) to r = p/a+ 1 and s = np + 1, after some simplifications, we
obtain

“+o00 1 np+1 +oo
/ o~ P/ Pt () dg < P (77 + p> / (=P fpHL () g
o 0

which yields

1 np+1
D< 4B (3, 1— 23) B (23, 1— 43) s (n + )
« « « « P

+oo
X / (= 1/0p fpHL () gy (3.2)
0

Let us now find an upper bound for E. Applying the Fubini-Tonelli integral theorem,
making the changes of variables u = z/(y + z) and v = z/y, and using the beta function
and [7, Lemma 1], we derive

+oo +o00 -1
- ~a/B-1pa+1 (/)7 (1Y)
E-/O y—9/B-1Goat (y)/o R

oo (@/(y +2))P T (1 (y + 2))
o T

+oo +oo ,q/B—1 +oo ,2q/8-1
:/ y—Q/ﬁ—1G9q+1(y)/ — 2 /ﬂdv/ u74 ﬁdudy
0 o (1+wv)™ o |1—u/*

“+o00
_ a4 q4_44 —q/B—10g+1
= 2B (ﬁ B)B<2571 45)/0 y G (y)dy.

Applying Equation (2.2) to r = ¢/8 + 1 and s = 0q + 1, after some simplifications, we
obtain

e 1,0q+1 0g+1 1\ %4t e 0—1 0g+1
/ y*q/ﬁ* Goat (y)dy < B q+ (9+ q) / y( - /ﬁ)qg q+ (y)dy,
0 0
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which yields

0q+1 foe)
E<2B (Z Z) B (227 1- 4;) pratt (9 + clz) ” /0+ y = PDaglatt (y)dy.
(3.3)

Finally, let us find an upper bound for F. Using the triangle inequality, applying
the Fubini-Tonelli integral theorem, making the changes of variables u = y/|z — z| and
v = x/z, and using the beta function, we get

z|lx =z =yl
_ —7'/'y—1Hw7'+1 oo (m/Z)T/—Y_l(l/Z)
* (2) 2r/y
0 0 [1—2/z]

oo R N S B P
[
0 11 —y/lz — 2|

+o0 +o00 r/y—1 +o00 2r/y—1
:/ Z_T/W_lH“’H'l(z)/ Uidv/ A dudz
0 0 o |

+o0o0  ptoo  ptoo xr/'y—lyQ'r'/'y—l
F < HY" T (2)dzdydz
0 0 0 ar/y
+oo

11— v|2r/v 1— u|4r/7
+oo
— 4B (T, 1- 2r> B (2’", 1 47") / T ()
v v v v) Jo

Applying Equation (2.2) to r = r/y+ 1 and s = wr + 1, after some simplifications, we
obtain

Too wr—+1 +o0
/ Zfr/ﬂylewr+1(Z)dZ < ,er+1 (w 4 7~> / Z(Wfl/'Y)Thw?”‘Fl(z)dZ,
0 0
which yields
. , , , - 1 wr+1
F<4B(—,1-2-)B(2-,1-4— )y w+ -
g gl g " "
“+o00
X / 2@/ perHL () dz, (3.4)
0

Combining Equations (3.1), (3.2), (3.3), and (3.4), we find that
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+oco +oco +oo x2/ﬁ+l/’y—1y2/'y+1/a—1z2/a+1/ﬁ—1
/0 /0 /0 |z — y — z[*/ata/FFa/y
X F"H/p(x)GeH/q(y)H“H/r(z)dxdydz

n+1/p
< 4l/ppgl/p (8 1— QB) BY/p (28 1— 43) "t (g4 1
- a’ o o’ a )

1/qpl/q (94 4 1/ q a4\ s0+1/ 1)+
x 219 = = ) BV (2=1—-4=|f q(&—i—)
(ﬂ ﬂ) ( B 5) q

1 w+1l/r
% 41/7’31/7‘ ( 1-—92= ) Bl/r 2T ) w+l/7" (UJ _|_ )
Y’ v’ r

+00 1/p 1/‘1
X </ (TI 1/Q)Pf77p+1 dx) < 9 1/8)q 0q+1( )dy)

0

+oo
% (/ (w 1/7)rhwr+1 )

0

This completes the proof. ]

Let us now discuss some notable cases of this result. By taking n =1/«, § = 1/ and
w = 1/, we obtain

+oo  ptoo  ptoo 2/6+1/’Y—1y2/7+1/0‘—1z2/0‘+1/ﬁ_1
/ / / |z —y — 2|4/ a+4/B+4/y
x FU/et1/p()GL/B+1/a(y )H1/7+1/7"(z)dxdydz

1/a+1/p
< 4l/rgl/p (B 1— 23) BY/P (28 1— 43) al/atl/p 1 4 1
- a’ a a’ a

a’p

1/8+1/q
1 1
x 91/apl/a (q, q) B/ (2q, 1- 4q> B1/B+1/a ( + )

BB B B B q

1/v+1/r

w 4Y/r gl/r (T) 1— 27") BT (27"7 1— 47‘> 71/7+1/7’ (1 + 1)

gl gl Y gl Yoo

1/r

<( - e a) " (/ - gq/ﬂ“@)dy)l/q (f - W)

which corresponds to [7, Theorem 2]. Theorem 3.1 can thus be viewed as a three-
parameter generalization.

By takingn =1/q+1/r, 0 =1/p+ 1/r and w = 1/p + 1/q, we obtain the following
elegant inequality:
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+oo  ptoo  ptoo x2/[3+1/'y—1y2/'y+1/a—1z2/a+1//3—1
/0 /0 /0 =y — 2[AaT AT F(z)G(y)H (z)dxdydz

< 4/rpgi/r (B’ 1— 23) Bl/p (22, 1 — 42) a
! o o o

o (5. 3) 0 (1-1)

x 41T BT (T, 1- 2r) BY" <2r, 1- 4T> 5
vy v v o

+00 1/p 400 1/q
X (/ 3;(1—1/01)1)—1fp(x)dm) (/ y(l—l/ﬁ)q—lgq(y)dy)

0 0

+oo 1/r
X (/ z(l_l/W)T_lhr(z)dz) .

0

Note that F', G, and H are considered directly; they are raised to the power 1. To the
best of the knowledge of the author, this integral inequality is new.

4. Conclusion

In this article, we present two new Hardy-Hilbert-type integral inequalities within
a three-dimensional framework involving primitive functions. One inequality extends
and generalizes [7, Theorem 2] by introducing additional parameters that enhance its
flexibility and applicability. The distinct kernel function structures shed new light on
the behavior of multi-variable integral operators. Future research could involve extending
these inequalities to weighted settings, variable exponent spaces or fractional integral
operators. Further investigations into their applications in functional analysis and partial
differential equations also represent promising avenues for future study.
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