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1. Introduction

As is known to all, the quaternion linear canonical transform (QLCT) is a left linear
integral transformation with three extra parameters and has attracted much attention
from several researchers in both theory and application. Several famous transformations
such as the quaternion Fourier transform (QFT) and the quaternion fractional Fourier
transform (QFrFT) are special forms of the OLCT. In recent years, many works have been
demonstrated to transfer some essential properties of the quaternion Fourier transform
to the quaternion linear canonical transform (see, e.g., [2, 9, 13—-15]). In this regard,
the authors [6] have proposed an uncertainty principle associated with the quaternion
Fourier transform, which can be seen as the extension of the uncertainty principle for the
classical Fourier transform. The present work aims to extend this uncertainty principle
within the quaternion linear canonical transform. To achieve this goal, we first remind
the definition of the quaternion linear canonical transform and then present the direct
connection between this transformation and the quaternion Fourier transform and utilize
this relation to obtain the inequality for the quaternion linear canonical transform.

The arrangement for this article is as below. Section 2 contains the basic facts related
to quaternion algebra, that will be useful in the sequel. The definition of the quaternion
Fourier transform (QFT) and essential properties are introduced in Section 3. Section 4
shortly recalls the definition of the quaternion linear canonical transform (QLCT) and its
relation to the quaternion Fourier transform (QFT). Section 5 is devoted to deriving the

This work is licensed under CC BY-SA. Published by Komunitas Analisis Matematika Indonesia.
Creative Commons Attribution-ShareAlike 4.0 International License. Copyright (©2022 by HilbertJMA. All rights reserved.



https://hilbertjma.org/hilbertjma/article/view/7
https://creativecommons.org/licenses/by-sa/4.0/

A useful inequality for quaternion linear canonical transform 7

inequality concerning the quaternion linear canonical transform (QLCT). A conclusion is
made in the last section.

2. Quaternion Algebra with Properties

In this section, we present basic notations and results of quaternions that will be
useful for this research. Let H be the associative algebra of real quaternion. Elements of
quaternion algebra H can be represented as [7]

H = {q =qo +iq1 +Jje2 + ka3 | @0, 01, 42,93 € R},
for which the three imaginary parts {i, j, k} satisfy
iZ=j?=Kk>=ijk=—1. (2.1)

Formula (2.1) tells us in general that quaternion multiplication is not commutative. For
simplicity, denoted go = S(q) and V(¢q) = iq1 + jg2 + kg3 are the scalar and vector
components of quaternion ¢, respectively. We may write any ¢ € H in the form

a=q +q=>5(q)+ V().

The quaternion conjugate g can be expressed in the form § = gg — q. This gives
@w=Dp47, P=p, P+a=DP+7

For every q € H, we may write the scalar and vector parts in the form

q—4q

and V(q) = —.

q+q
s(q) = 1 5

2 )
The module (norm) of quaternion ¢ can be defined as
gl = Vaa = /@ + ¢ + a3 + a3

One can immediately check that for every ¢,r,p € H it holds

S(q) <lql, lal=1V(g)| <lgl, and S(gpr)= S(prq) = S(qpr).

Now we define the quaternion-valued inner product as

(fvg) = R2 f(m)g(m) d.’B, dx = dxlde

with scalar product

o) = [ st@i@)de=s( [ fwiea).

This yields the L?(R?; H)-norm

1/2
I fll L2 (®emy = (/w |f ()| dw) )
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3. Two-Sided Quaternion Fourier Transform

In this part, we start by reminding the definition of the two-sided quaternion Fourier
transform (QFT). We present some inequalities related to this transformation, which
will be needed later. A complete account of the QFT and its properties including the
uncertainty principles, one can consult [1, 3-5, 8, ].

Definition 3.1. The two-sided quaternion Fourier transform for a quaternion function
fin LY(R?;H) is evaluated by

Fulf}w) = [ e flaye i da, (31)

where x, v € R2.

Definition 3.2. For any f € L'(R?;H) for which Fy{f} € L'(R?H), its inverse is
defined by

fgl{fH{f}}(m) = f(SC) = /]R2 eiQﬂvlzlfH{f}(v)€j2ﬂv2z2 dv.

Using the decomposition of the quaternion function f, one may rewrite relation (3.1)
in the form

Fu{fhw) = / BT (fo(@) +ifa(@) + Jfo(@) + Kfo(@)) e 0 da
= Fn{fo}0) + Fn{fa}0) + Ful 7)) + iFufHw)

in which

Fulf}(w) = / 2RI ()0 =I2Ta2 g o o b .

R2
Now we introduce the module of Fy{f}(v) as

\Ful{f} )l = 1Fal{fo} (o) + | Fa{fa} )1 + |Fa{fe} (0)1* + |Fa{f}(v)*.

Furthermore, we get the L?(R?; H)-norm

1/p
1Za iy = ([ 1@l a0) 1 e DEAE)

Below we recall the component-wise uncertainty principle for the QFT in the following
results.

Theorem 3.3. For all f € L*(R?;H) N L?(R?;H) such that %f exists, there holds

2 </R If(ﬂc)lzdw>2, k=1,2. (3.2)

It is obvious that for 1 < p < 2 we may change L?-norm to LP-norm on left-hand side
of (3.2) and obtain the following result.

[ atlr@Pde [ @iFat sl o>

Theorem 3.4. Under the conditions as above, one gets for k=1,2,

([ swrae)” ([ wranopa) = L[ yere o
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In particular,

([ ) ([ 1Fanme) = O | ek

4. Quaternion Linear Canonical Transform (QLCT)

In this section, we recall the definition of the two-sided quaternion linear canonical
transform (QLCT) and study its connection to the quaternion Fourier transform (QFT).
More details have presented in [2, 13-15].

by

Definition 4.1. Let M; = (a1,b1,¢1,d1) = [il J
1 1

|:CL2 b2

] € R**? and My = (ag, by, ¢, da) =

C2 dQ
quaternion linear canonical transform of a quaternion function f € L?(R?;H) is defined
through

} € R?*2 be matrix parameters such that det(M;) = det(M;) = 1. The two-sided

f]RZ KMI(Q?l,Ul)f( )KM2<LE2,’U2)d:B f0rb1b2750

{FHw) = 1)
Ml’MZ \/Te( ) 1f(d1v1,d2v2)\ﬁ6( )03 , forbibe = 0,
where
1 ifer,2 2 40, 43,2 ©
K, (z1,01) = \/ﬁez(bi e T 2)’
and

ifoz,2_ 2 d2,2_m
62(1329”2 By T2V2t 55 V35 )

1
vV 27Tb2

denote the QLCT kernel functions.

K, (z2,v2) =

In this work, we consider Definition 4.1 in the case of b1bs # 0. Especially, when
My, = My = (a3, b5,¢,d;) = (0,1,—1,0) with ¢ = 1,2, the two-sided QLCT definition
(4.1) boils down to the two-sided QFT definition:

i =it

Q —llel -, UQZ'Q
where Fp{f} is deﬁned by (3.1). From equatlon (4.2), we 1nfer that

v
2m “CMI M2{f}('”)‘ = ‘«FH{f} (%)‘ .
The inverse transform of the two-sided QLCT (4.1) above is computed by

F@) = (L9 0m) " L5 a0 ()] (@)

1
= — ml)L'Q 1 (ms) d
27y/b1b2 /Rz o {FH(v)e” v,

where m; = ‘;—xf — %xivi + Z‘ v? — 5, © = 1,2, provided that the integral exists.

By virtue of (4.1), we have
E%II,MQ{JC}(”)

i i
e 4 .d1 zyvy 301 e J7 . do ToUy .

'y “16 i e 261 @t 6‘1% _-1 by 6-]2b2x2 dx.
R2 \/271'1)1 f( )\/271'1)2

(4.2)
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It is straightforward to verify that the connection between the two-sided QFT and the
two-sided QLCT is given by

\/ﬁe Te 12db1”1£Q1M2{f} J%szm@‘]‘**}—[{{f} <U1 02)
= Fu{f} (g) . (4.3)
where
Fla) = 71 () 572, (4.4)
For every f € L*(R?; H), there holds
/ ’LMl,Mz{f} dv —/ |f(x)|? dex,

which is usually called Parseval’s theorem for the two-sided QLCT.

5. Inequality for QLCT

Now we are in a position to prove inequalities concerning the QLCT, which are the
main results of this paper.

Theorem 5.1. Under the same assumptions as in Theorem 3.3, one has

([ swraz)” ([ s i)

bk|b1b2\” )2
Pt /|f W2 de, k=12 (5.1)

Proof. Upon replacing f(z) by f(x) as in (4.4) on both sides of (3.3), we get

(/. w’;|f<w>|pdw)1/p ([ rtnor, dv)l/p > 4 [ M@rae 62)

Setting v = 7, we have

. 1/p P 1/p 1 . )
P p >
([ar@ra) ([ dolrmn (D ) "= & [ i@k
By inserting (4.3) and (4.4) into equation (5.3) we obtain

. a . a 1/p
([ it )™ ([ ot e
R2 R2 bk ‘blb2|

1/p
% L3, ar, AT H©)e 2w, S 4 ) > = [l e % g
(5.4)
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Simplifying it yields

1/p 1/p
([ ir@ira) (/ b inbalt 28, ()0 w)
R2 2

2
d
2 / |f(z)|” d.
We further obtain

1/p - 1/p
(/R2 xp| f ()P dw) |b1bo|? 7> (/ P27 LS 2 (S 0)[ dv)

2
d
> / |f(z)]” dz,
which is the same as

([ sis@raz) " ([ o SO, w) "

LR gren

812

and the proof is complete. ]

Theorem 5.2. If f € LY(R%*H) N L*(R%*H) and L?ﬁ,MQ{f} exists and is also in
L3(R?%;H), then

(Lo ( L (5 )t roon)
s 2p+1|b1b2é(/ S |2dw> |

Proof. Using the procedure as in equations (5.2), (5.3), and (5.4), we obtain

(Lt esniswraa) (i [, (5 + 5 rntnta)
A |f(w)|2da:>p_

Consequently,

(ot o) s et oo
> ([ @)

This yields

1/p 1/p
([Leteapin@ran) ([ (5+32) 8 min @)
R2
2p+1 1
> 2 p1 blbz|”2</ |f(z |2d1‘> .

for1<p<2.
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The proof is complete. [

1

Remark 5.3. It should be noticed that in the case of M; = [01 0] and My = [01 (1)] ,

equation (5.1) turns into equation (3.3).

6. Conclusion

In this paper, we have introduced the quaternion Fourier transform and the quaternion
linear canonical transform. We have presented an inequality related to the quaternion
Fourier transform and generalized within the quaternion linear canonical transform.
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