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Abstract This article gives us a relation between Euclidean space Rn and a subspace of X (an n-normed

space) using properties of the determinant of square matrices. We can calculate the n-norm of n vectors
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inner product on the subspace.
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1. Introduction

Many functionals can be well defined on Rn. Usually, at the beginning of a study about
vector spaces, we use Rn, cause especially for n = 2 or n = 3, the visual graphic and the
geometric interpretation of these spaces are still relatively easy. In vector spaces, we will
discuss one of the interesting functionals. By [6], we recall the definition of an n-norm on
a real vector space X, with dim(X) ≥ n. It is a mapping ∥·, . . . , ·∥ : X × · · · ×X −→ R
which satisfies the following four conditions:

(1) ∥x1 , · · · , xn∥ ≥ 0 holds for every x1 , . . . , xn ∈ X;
∥x1 , · · · , xn∥ = 0 if and only if x1 , . . . , xn are linearly dependent;

(2) ∥x1 , · · · , xn∥ is invariant under permutation;
(3) ∥αx1 , · · · , xn∥ = |α|∥x1 , · · · , xn∥ holds for every x1 , · · · , xn ∈ X and for every
scalar α ∈ R;

(4) ∥x1 , · · · , xn−1 , y + z∥ ≤ ∥x1 , · · · , xn−1 , y∥ + ∥x1 , · · · , xn−1 , z∥ holds for every
x1 , x2 , . . . , xn−1 , y, z ∈ X.

Now we call that the pair (X, ∥·, · · · , ·∥) is an n-normed space. We have known that the
geometrical interpretation of the n-norm is the volume of the n-dimensional parallelepiped
spanned by n elements of vector spaces. The development of the theory of n-normed
spaces, with n = 2, was started in the late 1960s. Gähler had an idea to generalize an
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area in a real vector space. He was an initiator and first introduced it (see [3, 4]). We
also see some recent results in [6, 9, 10].

In this article, we will investigate the relation between a subspace of X (as n-normed
space) and Rn. We will use the n-norm properties optimally. In addition, knowledge of
square matrices and its determinant also plays an important role.

2.Main Results

Here, we give an n-normed space X = (X, ∥·, · · · , ·∥). Next, suppose that a fixed n
linearly independent vectors, namely

G ={g1 , · · · , gn} ⊂ X. (2.1)

Now, one may take a subspace of X as follows

Y := span(G). (2.2)

By taking h ∈ Y , we can find ch = (c1h, · · · , cnh) ∈ Rn such that h = c1hg1 + · · ·+ cnhgn
holds. See again n-normed space X and based on the properties of n-norm, we get the
following property.

Lemma 2.1. Let X be an n-normed space. If f1 , f2 , · · · , fn ∈ X, then we have

∥f1 + αfi, f2 , · · · , fn∥ = ∥f1 , f2 , · · · , fn∥

for every i = 2, 3, · · · , n and for every α ∈ R.

Proof. Suppose that X is an n-normed space. Take an arbitrary f1 , f2 , · · · , fn ∈ X and
α ∈ R. By triangle inequality of n-normed and homogenity

∥f1 + αfi, f2 , · · · , fn∥ ≤∥f1 , f2 , · · · , fn∥+ |α| ∥fi, f2 , · · · , fn∥

where i ∈ {2, 3, · · · , n}. Consequently, ∥fi, f2 , · · · , fn∥ = 0, so

∥f1 + αfi, f2 , · · · , fn∥ ≤ ∥f1 , f2 , · · · , fn∥ .

We also obtain

∥f1 , f2 , · · · , fn∥ = ∥(f1 + αfi)− αfi, f2 , · · · , fn∥
≤∥f1 + αfi, f2 , · · · , fn∥+ |α| ∥fi, f2 , · · · , fn∥
= ∥f1 + αfi, f2 , · · · , fn∥ .

Hence ∥f1 + αfi, f2 , · · · , fn∥ = ∥f1 , f2 , · · · , fn∥.

Lemma 2.1 is equivalent to∥∥∥∥∥f1 +
n∑

i=2

fi, f2 , · · · , fn

∥∥∥∥∥ = ∥f1 , f2 , · · · , fn∥ . (2.3)

In fact, this form is used in proving the Proposition 2.2 and some propositions below
directly. We can see this one as a corollary of Lemma 2.1.
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2.1. Scalar by The Determinant of A Square Matrix

In this subsection, we work step by step to obtain the general formula. Note that for
b ∈ R, |b| means absolute value of b. Meanwhile, for Bn be real square matrix with
n ≥ 2, |Bn| means determinant value of Bn. So, we use abs(|Bn|) to say the absolute
value of the determinant of Bn. Now, we start with n = 2 in the following proposition.

Proposition 2.2. Let an n-normed space X, (2.1) and (2.2). If p1 , p2 ∈ Y with

p1 =
n∑

i=1

cip1
gi and p2 =

n∑
i=1

cip2
gi,

then we have ∥p1 , p2 , g3 , · · · , gn∥ = abs

(∣∣∣∣c1p1 c2p1

c1p2 c2p2

∣∣∣∣) ∥g1 , g2 , g3 , · · · , gn∥ .

Proof. We consider the above assumptions. Check that p1 and p2 have

cp1 =
[
c1p1

c2p1
· · · cnp1

]
, cp2 =

[
c1p2

c2p2
· · · cnp2

]
∈ Rn

such that

p1 =
n∑

i=1

cip1
gi and p2 =

n∑
i=1

cip2
gi.

Using Lemma 2.1, check the following

∥p1 , p2 , g3 , · · · , gn∥ =

∥∥∥∥∥
n∑

i=1

cip1
gi,

n∑
i=1

cip2
gi, g3 , · · · , gn

∥∥∥∥∥
= ∥c1p1

g1 + c2p1
g2 , c1p2

g1 + c2p2
g2 , g3 , · · · , gn∥ . (2.4)

See that we obtain
[
c1p1 c2p1

]
and

[
c1p2 c2p2

]
in R2 by

c1p1
g1 + c2p1

g2 and c1p2
g1 + c2p2

g2 .

We have two cases. First case: for c1p1
g1 + c2p1

g2 and c1p2
g1 + c2p2

g2 be linearly
dependent, we get linearly dependent vectors

[
c1p1

c2p1

]
and

[
c1p2

c2p2

]
in R2 . Now

we have∣∣∣∣c1p1 c2p1

c1p2
c2p2

∣∣∣∣ = 0 and ∥c1p1
g1 + c2p1

g2 , c1p2
g1 + c2p2

g2 , g3 , · · · , gn∥ = 0.

Consequently, ∥p1 , p2 , g3 , · · · , gn∥ = 0 and abs

(∣∣∣∣c1p1
c2p1

c1p2 c2p2

∣∣∣∣) ∥g1 , g2 , g3 , · · · , gn∥ = 0.

Second case: for
[
c1p1

c2p1

]
and

[
c1p2

c2p2

]
be linearly independent in R2 . It can be

checked that

∣∣∣∣c1p1
c2p1

c1p2
c2p2

∣∣∣∣ ̸= 0 holds. Since c1p1
g1 + c2p1

g2 , c1p2
g1 + c2p2

g2 , g3 , · · · , gn−1 ,

and gn are linearly independent, then ∥c1p1
g1 + c2p1

g2 , c1p2
g1 + c2p2

g2 , g3 , · · · , gn∥ ̸= 0.
Here without losing generality, let c1p1

̸= 0 and define

K := ∥c1p1
g1 + c2p1

g2 , c1p2
g1 + c2p2

g2 , g3 , · · · , gn∥ .

Next, we multiply with |c1p1
|

|c1p1
|K = ∥c1p1

g1 + c2p1
g2 , c1p1

(c1p2
g1 + c2p2

g2), g3 , · · · , gn∥
= ∥c1p1g1 + c2p1g2 , c1p2(c1p1g1 + c2p1g2) + (c1p1c2p2 − c1p2c2p1)g2 , g3 , · · · , gn∥
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By Lemma 2.1 and homogenity property of n-norm, we obtain

|c1p1
|K = abs

(∣∣∣∣c1p1
c2p1

c1p2
c2p2

∣∣∣∣) ∥c1p1
g1 + c2p1

g2 , g2 , g3 , · · · , gn∥

= |c1p1
|abs

(∣∣∣∣c1p1 c2p1

c1p2
c2p2

∣∣∣∣) ∥g1 , g2 , g3 , · · · , gn∥ .

Two sides are divided by |c1p1
|, so K = abs

(∣∣∣∣c1p1
c2p1

c1p2
c2p2

∣∣∣∣) ∥g1 , g2 , g3 , · · · , gn∥ .

We conclude ∥p1 , p2 , g3 , · · · , gn∥ = abs

(∣∣∣∣c1p1
c2p1

c1p2 c2p2

∣∣∣∣) ∥g1 , g2 , g3 , · · · , gn∥ .

The coefficients from p1 and p2 can be taken out of the n-norm and become a con-
stant. The constant is obtained from the absolute value of the matrix determinant of the
coefficients. Now we recall that the determinant has property∣∣∣∣∣∣∣∣∣

c1p1 + b1 c2p1 · · · c2p1

c1p2 + b2 c2p2 · · · c2p2

...
...

. . .
...

c1pn
+ bn c2pn

· · · c2pn

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣
c1p1 c2p1 · · · c2p1

c1p2
c2p2

· · · c2p2

...
...

. . .
...

c1pn
c2pn

· · · c2pn

∣∣∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣∣∣
b1 c2p1 · · · c2p1

b2 c2p2
· · · c2p2

...
...

. . .
...

bn c2pn
· · · c2pn

∣∣∣∣∣∣∣∣∣ .
Next, we continue with n = 3. Since it is getting a bit complicated, we have to prepare
it by presenting this lemma.

Lemma 2.3. Let a real square matrix S3 :=

c1p1 c2p1 c3p1

c1p2 c2p2 c3p2

c1p3
c2p3

c3p3

, and

A2 :=

∣∣∣∣c1p1
c2p1

c1p2
c2p2

∣∣∣∣ , A3 :=

∣∣∣∣c1p1
c3p1

c1p2
c3p2

∣∣∣∣ , B2 :=

∣∣∣∣c1p1
c2p1

c1p3
c2p3

∣∣∣∣ , B3 :=

∣∣∣∣c1p1
c3p1

c1p3
c3p3

∣∣∣∣ .
We have

∣∣∣∣A2 A3
B2 B3

∣∣∣∣ = c1p1 |S3 | .

Proof. Suppose that S3 and Ai, Bi with i = 2, 3 as above. Next, check that∣∣∣∣A2 A3
B2 B3

∣∣∣∣ = ∣∣∣∣(c1p1c2p2 − c2p1c1p2) A3
(c1p1

c2p3
− c2p1

c1p3
) B3

∣∣∣∣ = c1p1

∣∣∣∣c2p2 A3
c2p3

B3

∣∣∣∣− c2p1

∣∣∣∣c1p2 A3
c1p3

B3

∣∣∣∣ .
Meanwhile, we obtain∣∣∣∣c2p2

A3
c2p3

B3

∣∣∣∣ = ∣∣∣∣c2p2
(c1p1

c3p2
− c1p2

c3p1
)

c2p3
(c1p1

c3p3
− c1p3

c3p1
)

∣∣∣∣ = c1p1

∣∣∣∣c2p2
c3p2

c2p3
c3p3

∣∣∣∣− c3p1

∣∣∣∣c2p2
c1p2

c2p3
c1p3

∣∣∣∣
and ∣∣∣∣c1p2

A3
c1p3 B3

∣∣∣∣ = ∣∣∣∣c1p2
(c1p1

c3p2
− c1p2

c3p1
)

c1p3 (c1p1c3p3 − c1p3c3p1)

∣∣∣∣ = c1p1

∣∣∣∣c1p2
c3p2

c1p3 c3p3

∣∣∣∣− c3p1

∣∣∣∣c1p2
c1p2

c1p3 c1p3

∣∣∣∣ .
Since

∣∣∣∣c1p2 c1p2

c1p3 c1p3

∣∣∣∣ = 0, then∣∣∣∣A2 A3
B2 B3

∣∣∣∣ =c1p1

(
c1p1

∣∣∣∣c2p2 c3p2

c2p3
c3p3

∣∣∣∣− c2p1

∣∣∣∣c1p2 c3p2

c1p3
c3p3

∣∣∣∣+ c3p1

∣∣∣∣c1p2 c2p2

c1p3
c2p3

∣∣∣∣)
=c1p1 |S3 | .
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The proof is complete.

The lemma above tells us how the determinant of the real square matrix n = 3 relates
to the determinant of the real square matrix n = 2. It is very useful and facilitates us in
proving the proposition below.

Proposition 2.4. Let an n-normed space X, (2.1), (2.2), and S3 (see Lemma 2.3). If

p1 , p2 , p3 ∈ Y with p1 =
n∑

i=1
cip1

gi, p2 =
n∑

i=1
cip2

gi, and p3 =
n∑

i=1
cip3

gi, then

∥p1 , p2 , p3 , g4 , · · · , gn∥ = abs (|S3 |) ∥g1 , g2 , g3 , g4 , · · · , gn∥ .

Proof. With all of assumptions, we use Lemma 2.1 to get

∥p1 , p2 , p3 , g4 , · · · , gn∥

=

∥∥∥∥∥
n∑

i=1

cip1gi,

n∑
i=1

cip2gi,

n∑
i=1

cip3gi, g4 , · · · , gn

∥∥∥∥∥
=

∥∥∥∥∥
3∑

i=1

cip1
gi,

3∑
i=1

cip2
gi,

3∑
i=1

cip3
gi, g4 , · · · , gn

∥∥∥∥∥ . (2.5)

First case: for
[
c1p1 c2p1 c3p1

]
,
[
c1p2 c2p2 c3p2

]
, and

[
c1p3 c2p3 c3p3

]
be linearly

dependent in R3 , we have a trivial case. Check that |S3 | = 0 and∥∥∥∥∥
3∑

i=1

cip1
gi,

3∑
i=1

cip2
gi,

3∑
i=1

cip3
gi, g4 , · · · , gn

∥∥∥∥∥ = 0.

Thus, ∥p1 , p2 , p3 , g4 , · · · , gn∥ = 0 and abs(|S3 |) ∥g1 , g2 , g3 , g4 , · · · , gn∥ = 0.

Second case: for
[
c1p1

c2p1
c3p1

]
,
[
c1p2

c2p2
c3p2

]
, and

[
c1p3

c2p3
c3p3

]
be lin-

early independent in R3 . It can be checked that |S3 | ̸= 0 holds. We also have a linearly

independent set

{
3∑

i=1
cip1gi,

3∑
i=1

cip2gi,
3∑

i=1
cip3gi, g4 , · · · , gn

}
, so∥∥∥∥∥

3∑
i=1

cip1gi,

3∑
i=1

cip2gi,

3∑
i=1

cip3gi, g4 , · · · , gn

∥∥∥∥∥ ̸= 0.

Here, without losing generality, let c1p1
̸= 0 and define

K :=

∥∥∥∥∥
3∑

i=1

cip1gi,
3∑

i=1

cip2gi,
3∑

i=1

cip3gi, g4 , · · · , gn

∥∥∥∥∥ .
Next, we have |c1p1 |2K =

∥∥∥∥ 3∑
i=1

cip1gi, c1p1

3∑
i=1

cip2gi, c1p1

3∑
i=1

cip3gi, g4 , · · · , gn
∥∥∥∥ or

|c1p1 |2K =

∥∥∥∥∥
3∑

i=1

cip1gi, c1p2

(
3∑

i=1

cip1gi

)
+

3∑
i=2

Aigi, c1p3

(
3∑

i=1

cip1gi

)
+

3∑
i=2

Bigi, g4 , · · · , gn

∥∥∥∥∥ .
where A2 =

∣∣∣∣c1p1
c2p1

c1p2
c2p2

∣∣∣∣, A3 =

∣∣∣∣c1p1
c3p1

c1p2 c3p2

∣∣∣∣, B2 =

∣∣∣∣c1p1
c2p1

c1p3 c2p3

∣∣∣∣, and B3 =

∣∣∣∣c1p1
c3p1

c1p3 c3p3

∣∣∣∣.
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Lemma 2.1 and homogenity property of n-norm give us

|c1p1 |2K =

∥∥∥∥∥
3∑

i=1

cip1gi,
3∑

i=2

Aigi,
3∑

i=2

Bigi, g4 , · · · , gn

∥∥∥∥∥
and then by Proposition 2.2, |c1p1

|K = abs

(∣∣∣∣A2 A3
B2 B3

∣∣∣∣) ∥g1 , g2 , g3 , g4 , · · · , gn∥ holds.

Now, using Lemma 2.3, we get |c1p1
|K = |c1p1

|abs (|S3 |) ∥g1 , g2 , g3 , g4 , · · · , gn∥ .

We conclude that ∥p1 , p2 , p3 , g4 , · · · , gn∥ = abs (|S3 |) ∥g1 , g2 , g3 , g4 , · · · , gn∥ .

We do not stop for the real square matrix n = 3, but we will work for a real square
matrix Sn with n ≥ 3. We need special matrices for the following lemma and theorem.
Now, define a real square matrix Sn with n ≥ 3,

Sn :=


c1p1

c2p1
· · · cnp1

c1p2
c2p2

· · · cnp2

...
...

. . .
...

c1pn
c2pn

· · · cnpn

 . (2.6)

We also define

T(n−1) :=


A2,2 A2,3 · · · A2,n
A3,2 A3,3 · · · A3,n
...

...
. . .

...
An,2 An,3 · · · An,n

 , (2.7)

where

A2,2 =

∣∣∣∣c1p1
c2p1

c1p2
c2p2

∣∣∣∣ , A2,3 =

∣∣∣∣c1p1 c3p1

c1p2
c3p2

∣∣∣∣ , · · · , A2,n =

∣∣∣∣c1p1 cnp1

c1p2
cnp2

∣∣∣∣
A3,2 =

∣∣∣∣c1p1
c2p1

c1p3 c2p3

∣∣∣∣ , A3,3 =

∣∣∣∣c1p1
c3p1

c1p3 c3p3

∣∣∣∣ , · · · , A3,n =

∣∣∣∣c1p1
cnp1

c1p3 cnp3

∣∣∣∣
...

...
. . .

...

An,2 =

∣∣∣∣c1p1
c2p1

c1pn
c2pn

∣∣∣∣ , An,3 =

∣∣∣∣c1p1
c3p1

c1pn
c3pn

∣∣∣∣ , · · · , An,n =

∣∣∣∣c1p1
cnp1

c1pn
cnpn

∣∣∣∣ .
Here, we also give a property of determinant of a real square matrix, that is Laplace’s
expansion∣∣∣∣∣∣∣∣∣

c1p1 c2p1 · · · cnp1

c1p2 c2p2 · · · cnp2

...
...

. . .
...

c1pn
c2pn

· · · cnpn

∣∣∣∣∣∣∣∣∣ =
n∑

k=1

(−1)(k+1) ckp1

∣∣∣[cipj

]
i̸= k,i=1 ,··· ,n,j=2 ,··· ,n

∣∣∣ .
Lemma 2.5. Let Sn and T(n−1) (see (2.6) and (2.7)). We have∣∣T(n−1)

∣∣ = (c1p1
)

(n−2) |Sn| .
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Proof. Suppose that Sn and T(n−1) as above. Here, we need (n− 1) steps.

Step-1: We check that

∣∣T(n−1)
∣∣ =
∣∣∣∣∣∣∣∣∣
(c1p1c2p2 − c1p2c2p1) A2,3 · · · A2,n
(c1p1

c2p3
− c1p3

c2p1
) A3,3 · · · A3,n

...
...

. . .
...

(c1p1
c2pn

− c1pn
c2p1

) An,3 · · · An,n

∣∣∣∣∣∣∣∣∣ = c1p1U1 − c2p1V1 ,

where U1 =

∣∣∣∣∣∣∣∣∣
c2p2

A2,3 · · · A2,n
c2p3 A3,3 · · · A3,n
...

...
. . .

...
c2pn An,3 · · · An,n

∣∣∣∣∣∣∣∣∣ and V1 =

∣∣∣∣∣∣∣∣∣
c1p2

A2,3 · · · A2,n
c1p3 A3,3 · · · A3,n
...

...
. . .

...
c1pn An,3 · · · An,n

∣∣∣∣∣∣∣∣∣. Meanwhile,

using the property of determinant of a square of matrices, we obtain

V1 =

∣∣∣∣∣∣∣∣∣
c1p2

(c1p1
c3p2

− c1p2
c3p1

) · · · (c1p1
cnp2

− c1p2
cnp1

)
c1p3

(c1p1
c3p3

− c1p3
c3p1

) · · · (c1p1
cnp3

− c1p3
cnp1

)
...

...
. . .

...
c1pn

(c1p1
c3pn

− c1pn
c3p1

) · · · (c1p1
cnpn

− c1pn
cnp1

)

∣∣∣∣∣∣∣∣∣
=(c1p1

)(n−2)

∣∣∣∣∣∣∣∣∣
c1p2 c3p2 · · · cnp2

c1p3 c3p3 · · · cnp3

...
...

. . .
...

c1pn
c3pn

· · · cnpn

∣∣∣∣∣∣∣∣∣ .
Step-2: We check that

U1 =

∣∣∣∣∣∣∣∣∣
c2p2

(c1p1
c3p2

− c1p2
c3p1

) · · · (c1p1
cnp2

− c1p2
cnp1

)
c2p3

(c1p1
c3p3

− c1p3
c3p1

) · · · (c1p1
cnp3

− c1p3
cnp1

)
...

...
. . .

...
c2pn

(c1p1
c3pn

− c1pn
c3p1

) · · · (c1p1
cnpn

− c1pn
cnp1

)

∣∣∣∣∣∣∣∣∣
=c1p1

U2 − c3p1
V2 ,

where U2 =

∣∣∣∣∣∣∣∣∣
c2p2 c3p2 · · · A2,n
c2p3

c3p3
· · · A3,n

...
...

. . .
...

c2pn
c3pn

· · · An,n

∣∣∣∣∣∣∣∣∣ and V2 =

∣∣∣∣∣∣∣∣∣
c2p2 c1p2 · · · A2,n
c2p3

c1p3
· · · A3,n

...
...

. . .
...

c2pn
c1pn

· · · An,n

∣∣∣∣∣∣∣∣∣. Meanwhile,

using the property of determinant of a square of matrices, we obtain

V2 =

∣∣∣∣∣∣∣∣∣
c2p2

c1p2
· · · (c1p1

cnp2
− c1p2

cnp1
)

c2p3 c1p3 · · · (c1p1cnp3 − c1p3cnp1)
...

...
. . .

...
c2pn c1pn · · · (c1p1cnpn − c1pncnp1)

∣∣∣∣∣∣∣∣∣
=(c1p1)

(n−3)

∣∣∣∣∣∣∣∣∣
c1p2 c3p2 · · · cnp2

c1p3
c3p3

· · · cnp3

...
...

. . .
...

c1pn
c3pn

· · · cnpn

∣∣∣∣∣∣∣∣∣ .
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We have to go to Step-3, Step-4, · · · , until Step-(n− 1): We check that

U(n−2)=

∣∣∣∣∣∣∣∣∣
c2p2 c3p2 · · · (c1p1c(n−1) p2

− c1p2c(n−1) p1
) (c1p1cnp2 − c1p2cnp1)

c2p3
c3p3

· · · (c1p1
c(n−1) p3

− c1p3
c(n−1) p1

) (c1p1
cnp3

− c1p3
cnp1

)
...

...
. . .

...
...

c2pn
c3pn

· · · (c1p1
c(n−1) pn

− c1pn
c(n−1) p1

) (c1p1
cnpn

− c1pn
cnp1

)

∣∣∣∣∣∣∣∣∣
=(c1p1

)2U(n−1) − c1p1
cnp1

V(n−1) ,

where

U(n−1) =

∣∣∣∣∣∣∣∣∣
c2p2

c3p2
· · · c(n−1) p2

cnp2

c2p3
c3p3

· · · c(n−1) p3
cnp3

...
...

. . .
...

...
c2pn

c3pn
· · · c(n−1) pn

cnpn

∣∣∣∣∣∣∣∣∣ andV(n−1) =

∣∣∣∣∣∣∣∣∣
c2p2

c3p2
· · · c1p2

cnp2

c2p3
c3p3

· · · c1p3
cnp3

...
...

. . .
...

...
c2pn

c3pn
· · · c(1 pn

cnpn

∣∣∣∣∣∣∣∣∣ .

We see again
∣∣T(n−1)

∣∣. Using Step-1 until Step-(n− 1), we have∣∣T(n−1)
∣∣ =(c1p1

)(n−1) U(n−1) − (c1p1
)(n−2) cnp1

V(n−1)

− (c1p1
)(n−2) c(n−1) p1

V(n−2) − (c1p1
)(n−2) c(n−2) p1

V(n−3)

− · · · − (c1p1)
(n−2) c4p1V3 − (c1p1)

(n−2) c3p1V2 − (c1p1)
(n−2) c2p1V1 .

Finally, we arrange to get∣∣T(n−1)
∣∣ = (c1p1

)(n−2)
n∑

k=1

(−1)(k+1) ckp1
|Wk| = (c1p1

)(n−2) |Sn|

where Wk =
[
cipj

]
i̸= k,i=1 ,··· ,n,j=2 ,··· ,n and k = 1, · · · , n. The proof is complete.

Theorem 2.6. Let an n-normed space X where n ≥ 3, (2.1) and (2.2). Let also S(n−1) ,
Sn, and p1 , p2 , · · · , pn ∈ Y with

p1 =
n∑

i=1

cip1
gi, p2 =

n∑
i=1

cip2
gi, · · · , and pn =

n∑
i=1

cipn
gi.

If
∥∥p1 , p2 , · · · , p(n−1) , gn

∥∥ = abs
(∣∣S(n−1)

∣∣) ∥∥g1 , g2 , · · · , g(n−1) , gn
∥∥ , then

∥p1 , p2 , · · · , pn∥ = abs (|Sn|) ∥g1 , g2 , · · · , gn∥ .

Proof. Now, take all of the assumptions. We write the following

∥p1 , p2 , · · · , pn∥ =

∥∥∥∥∥
n∑

i=1

cip1
gi,

n∑
i=1

cip2
gi, · · · ,

n∑
i=1

cipn
gi

∥∥∥∥∥ . (2.8)

First case: for n linearly dependent vectors[
c1p1

c2p1
· · · cnp1

]
,
[
c1p2

c2p2
· · · cnp2

]
, · · · , and

[
c1pn

c2pn
· · · cnpn

]
,

it is easy to check trivial case, that is |Sn| = 0 and∥∥∥∥∥
n∑

i=1

cip1
gi,

n∑
i=1

cip2
gi, · · · ,

n∑
i=1

cipn
gi

∥∥∥∥∥ = 0.

We get ∥p1 , p2 , · · · , p3∥ = 0 and abs(|Sn|) ∥g1 , g2 , · · · , gn∥ = 0.
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Second case: for n linearly independent vectors[
c1p1

c2p1
· · · cnp1

]
,
[
c1p2

c2p2
· · · cnp2

]
, · · · , and

[
c1pn

c2pn
· · · cnpn

]
,

we can check that p1 , p2 , · · · , pn are also linearly independent. Consequently, we obtain

|Sn| ̸= 0 and ∥p1 , p2 , · · · , pn∥ =

∥∥∥∥ n∑
i=1

cip1gi,
n∑

i=1
cip2gi, · · · ,

n∑
i=1

cipngi

∥∥∥∥ ̸= 0. Here, without

losing generality, let c1p1
̸= 0 and

K :=

∥∥∥∥∥
n∑

i=1

cip1
gi,

n∑
i=1

cip2
gi, · · · ,

n∑
i=1

cipn
gi

∥∥∥∥∥ .
Next, write |c1p1

|(n−1) K =

∥∥∥∥ n∑
i=1

cip1
gi, c1p1

(
n∑

i=1
cip2

gi

)
, · · · , c1p1

(
n∑

i=1
cipn

gi

)∥∥∥∥ or

|c1p1
|(n−1) K=

∥∥∥∥∥
n∑

i=1

cip1
gi, c1p2

(
n∑

i=1

cip1
gi

)
+

n∑
i=2

A2,igi, · · · , c1pn

(
n∑

i=1

cip1
gi

)
+

n∑
i=2

An,igi

∥∥∥∥∥ .
where

A2,2 =

∣∣∣∣c1p1
c2p1

c1p2
c2p2

∣∣∣∣ , A2,3 =

∣∣∣∣c1p1
c3p1

c1p2
c3p2

∣∣∣∣ , · · · , A2,n =

∣∣∣∣c1p1
cnp1

c1p2
cnp2

∣∣∣∣
A3,2 =

∣∣∣∣c1p1 c2p1

c1p3
c2p3

∣∣∣∣ , A3,3 =

∣∣∣∣c1p1 c3p1

c1p3
c3p3

∣∣∣∣ , · · · , A3,n =

∣∣∣∣c1p1 cnp1

c1p3
cnp3

∣∣∣∣
...

...
. . .

...

An,2 =

∣∣∣∣c1p1
c2p1

c1pn c2pn

∣∣∣∣ , An,3 =

∣∣∣∣c1p1
c3p1

c1pn c3pn

∣∣∣∣ , · · · , An,n =

∣∣∣∣c1p1
cnp1

c1pn cnpn

∣∣∣∣ .
By Lemma 2.1, |c1p1 |(n−1) K =

∥∥∥∥ n∑
i=1

cip1gi,
n∑

i=2
A2,igi, · · · ,

n∑
i=2

An,igi

∥∥∥∥ holds. By assump-

tion, homogenity property of n-norm, and Lemma 2.1, we get

|c1p1
|(n−2) K = abs

(∣∣T(n−1)
∣∣) ∥g1 , g2 , · · · , gn∥ .

Next, use Lemma 2.5 to show that |c1p1
|(n−2) K = |c1p1

|(n−2) abs (|Sn|) ∥g1 , g2 , · · · , gn∥ .

Hence, ∥p1 , p2 , · · · , pn∥ = abs (|Sn|) ∥g1 , g2 , · · · , gn∥.

Here, Proposition 2.2, Proposition 2.4, and Theorem 2.6 form a pattern that becomes
a proof technique of mathematical induction. It can be seen that if we work in Y and
want to calculate the n-norm of n vectors in Y , then it is enough to take a product of the
absolute value of a scalar with the n-norm of g1 , g2 , · · · , gn ∈ Y . The scalar is from the
determinant of the real square matrix of coefficient (by n vectors in Y ).

2.2. A Norm And An Inner Product On Y

We take in [11] that in general, for X be a real vector space, an inner product on X is
a mapping ⟨·, ·⟩ : X ×X → R such that satisfying

(1) ⟨x, x⟩ ≥ 0 for every x ∈ X; ⟨x, x⟩ = 0 if and only if x = 0 ∈ X;
(2) ⟨x, y⟩ = ⟨y, x⟩ for every x, y ∈ X;
(3) ⟨αx, y⟩ = α ⟨x, y⟩ for every x ∈ X and for every scalars α ∈ R;
(4) ⟨x1 + x2 , y⟩ = ⟨x1 , y⟩+ ⟨x2 , y⟩, for every x1 , x2 , y ∈ X .
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We say that a pair (X, ⟨·, ·⟩) is an inner product space. Meanwhile, a norm is a mapping
∥ · ∥ : X → R which satisfies

(1) ∥x∥ ≥ 0, for every x ∈ X; ∥x∥ = 0 if and only if x = 0 ∈ X;
(2) ∥αx∥ = |α| ∥x∥, for every x ∈ X and for every scalar α ∈ R;
(3) ∥x+ y∥ ≤ ∥x∥+ ∥y∥ for every x, y ∈ X.

Then, a pair of (X, ∥ · ∥) is called a normed space.

Let us consider a real square matrixMn =


c1p1

c2p1
· · · cnp1

c1p2 c2p2 · · · cnp2

...
...

. . .
...

c1pn c2pn · · · cnpn

. The determinant

of a square matrix has property |Mn|2 = |MnM
T
n | with MT

n is the transpose of Mn. Note
that

MnM
T
n =


⟨cp1

, cp1
⟩Rn ⟨cp1

, cp2
⟩Rn · · · ⟨cp1

, cpn
⟩Rn

⟨cp2 , cp1⟩Rn ⟨cp2 , cp2⟩Rn · · · ⟨cp2 , cpn⟩Rn

...
...

. . .
...

⟨cpn , cp1⟩Rn ⟨cpn , cp2⟩Rn · · · ⟨cpn , cpn⟩Rn

 ,

where

⟨cpi
, cpj

⟩Rn :=
n∑

k=1

ckpi
ckpj

, (2.9)

with cpi , cpj ∈ Rn. By (2.9), we also have

∥cp∥Rn :=
√
⟨cp, cp⟩Rn , (2.10)

with cp ∈ Rn. It is easy to show that (2.9) is an inner product and (2.10) is a norm on Rn.

The readers can definitely do it. We see again that
√
|MnMT

n | satisfies the properties of
n-norm, so we have

∥cp1 , cp2 , · · · , cpn∥Rn :=
√
|MnMT

n |

where cp1
, cp2

, · · · , cpn
∈ Rn.

On Rn, inspired by [1, 6], we define a norm with respect to G on Y as follows

∥p∥G :=

√ ∑
{i2,··· ,in}⊆{1,··· ,n}

∥p, gi2 , · · · , gin∥
2

for every p ∈ Y . Without losing generality, we give p1 = p =
n∑

j=1
cjpgj and pk = gk where

k = 2, 3, · · · , n. One may check that pk = gk =
n∑

j=1
cjpk

gj where

cgk =
[
c1gk c2gk · · · cngk

]
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with cigk = 0 while i ̸= k and cigk = 1 while i = k. Next, we compute ⟨cp, cgk⟩Rn = ckp,
⟨cgj , cgk⟩Rn = 0 while j ̸= k, and ⟨cgj , cgk⟩Rn = 1 while j = k. Now, we obtain

(
MnM

T
n

)
{2,··· ,n} =


⟨cp, cp⟩Rn c2p · · · cnp

c2p 1 · · · 0
...

...
. . .

...
cnp 0 · · · 1


=

n∑
i=1

c2
ip −

n∑
i=2

c2
ip = c2

1p

and ∥p, g2 , · · · , gn∥2
=
(
MnM

T
n

)
{2,··· ,n} ∥g1 , g2 , · · · , gn∥2

= c2
1p ∥g1 , g2 , · · · , gn∥2

. This re-

sult is equivalent to Lemma 2.1 and (2.3). Next, {2, · · · , n} can be replaced by {i2 , · · · , in} ⊆
{1, · · · , n}, so

(
MnM

T
n

)
{i2,··· ,in}⊆{1,··· ,n} =


⟨cp, cp⟩Rn ci2p · · · cinp

ci2p 1 · · · 0
...

...
. . .

...
cinp 0 · · · 1


= c2

i1p.

Consequently, we get

∥p∥2
G =

∑
{i2,··· ,in}⊆{1,··· ,n}

∥p, gi2 , · · · , gin∥
2

=

(
n∑

i=1

c2
ip

)
∥g1 , g2 , · · · , gn∥2

=∥cp∥2
Rn ∥g1 , g2 , · · · , gn∥2

for every p ∈ Y . Since ∥ · ∥Rn is induced from ⟨·, ·⟩Rn , then we get an inner product with
respect to G on Y

⟨p1 , p2⟩G := ⟨cp1 , cp2⟩Rn ∥g1 , g2 , · · · , gn∥2
,

for every p1 , p2 ∈ Y .
In addition, we can replace {g1 , · · · , gn} with a set of linearly independent vectors

{f1 , · · · , fn} ⊆ Y to define another norm and another inner product on Y . It can be
obtained, although with more complicated steps.

3. Concluding remarks

We have investigated Y as a subspace of (X, ∥·, · · · , ·∥). We obtain that (Y, ⟨·, ·⟩G) is
an inner product space and (Y, ∥ · ∥G) is a normed space. On (Y, ⟨·, ·⟩G), there are still
several functionals that can be defined. One may check and follow in [2, 5, 7, 8, 11–13].
In particular, to define the m-inner product, we have to use m < n.
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